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Abstract

Recentprogressn acquiringshapefrom rangedatapermitsthe acquisitionof seamless
million-polygonmeshedrom physicalmodels. While densepolygonmeshesrean ade-
guaterepresentatiofor someapplicationsmary usersprefersmoothsurfacerepresenta-
tionsfor reason®f compactnessontrol, manufcturability or appearancen this thesis,
we presentalgorithmsand an end-to-endsoftware systemfor corverting denseirregular
polygonmeshe®f arbitrarytopologyinto tensormproductB-splinesurfacepatcheswvith ac-
compalying displacementaps.This choiceof representatiogieldsa coarseout efficient
model suitablefor interactve modificationand animationanda fine but more expensve
modelsuitablefor rendering.

Thefirst stepin our processonsistof interactvely paintingpatchboundarie®ntothe
polygonalsurface.In mary applicationsthe placemenbf patchboundariess considered
partof the creatve processandis not amenablg¢o automation.We presentfficient tech-
niquesfor representinggreatingandeditingsurfacecurveson densepolygonalsurfaces.

Thesecondstepin ourprocesonsistof findingagriddedresamplingpf eachbounded
sectionof the mesh. Our resamplingalgorithmlays a grid of springsacrossthe polygon
mesh theniteratesbetweerrelaxingthis grid andsubdviding it. This grid providesa pa-
rameterizatiorfor the meshsectionwhichis initially unparameterizedur parameteriza-
tion algorithmis automaticefficient,androbust,evenfor very comple polygonalsurfaces.
Prior algorithmshave lacked one or more of thesepropertiesmakingthemunusablefor
densemeshes.Our parameterizatiostratgy alsoprovidesthe usera flexible methodto
designparameterizationsanability thatpreviousliteraturein surfaceapproximatiordoes
notaddress.

Thethird andfinal stepof our processconsistof fitting a hybrid of B-splinesurfaces



anddisplacementnapsto our griddedre-sampling. This fitting methodreproducesvith
highfidelity thegeometryof theoriginal polygonmesh.Thedisplacementnapis animage
representationf the error betweerthe fitted B-splinesurfacesand our springgrid. Since
displacemenimapsare justimagesour hybrid representatiofacilitatesthe useof image
processingoperatorsfor manipulatingthe geometricdetail of an object. They are also
compatiblewith modernphoto-realisticenderingsystems.
The resamplingandfitting stepsof our processare fastenoughto surfacea million

polygonmeshin underl10 minutes- importantfor aninteractve system.

Vi
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Chapter 1
Intr oduction

Advancesn rangeimageacquisitionandintegrationallow usto computegeometricainod-
elsfrom complex physicalmodels[Curless& Levoy 1996, Turk & Levoy 1994]. Theout-
put of thesetechnologiess a dense seamlesgi.e. manifold) irregular polygonmeshof
arbitrarytopology For example,the modelin figure 1.1, generatedrom 75 scansof an
actionfigure usinga Cyberwarelaserrangescannercontains350,000polygons. Models
lik e this offer new opportunitieso modelersandanimatorsn the CAD andentertainment
industries.

Densepolygon meshessuchas the one shavn in the figure, are an adequateep-
resentationfor someapplicationssuch as stereolithographienanugcturing [Curless &
Levoy 1996]or computerrenderings However, usersin a numberof applicationdomains
prefersmoothsurfacerepresentationgver irregular polygonmeshesBy smoothsurfaces
we meansurfaceshathave anunderlying,higherordermathematicastructuresuchasthe
existenceof a globalanalyticalderivative. In contrastto smoothsurfacerepresentations,
polygonalmeshesrejustasetof connecteglanarfacetsthey donotpossesnanalytical
deriative.

Smoothsurface representationsffer useful advantagesover an irregular polygonal
meshrepresentationrSomeof theseadwantagesre:

e SmoothappearanceSeveral applicationssuchasconsumeiproductdesignrequire
for aestheticeasonghat 3-D surfacemodelspossess smoothappearancePolyg-
onal meshesannotbe usedin theseapplicationsbecausehey may appearfaceted

1
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@ ()

Figure 1.1 An exampleof a densepolygon mesh. (a) shavs a polygonalmeshof an

Armadillo modelthatis composedf over 350,000polygons. The meshwas createdby

integratingabout75 rangeimages(taken with a Cybervare laserrangescannerusingthe

technique®f Curlessetal. Notethefine surfacedetail presentn the polygonalmesh.(b)

shavs ablow-up of asmallregion of the Armadillo’s leg. Noticethedensityof thepolygons
andthe irregular structureof the mesh. Note alsothat the meshis a piecavise constant
reconstruction.e. it is composedf flat triangularfacets.

(unlessthe polygonsaremadeextremelysmall,which increaseshe expenseof pro-
cessingandstoringthemodel).

e CompactepresentationA smoothsurfacerepresentationanusuallyrepresentom-
plex surfaceshapesnoreefficiently thanpolygonalmeshes.

¢ Flexible control: Smoothsurfacerepresentationgsuallyoffer an easiernterfaceto
design,controlandmodify surfacegeometryandtexture.

o Mathematicaldifferentiability: Several applicationsuse computationalbrocedures
thatrequirethe surfaceto be everywheredifferentiableor curvaturecontinuouge.g.
finite elementanalysis). For suchapplications,polygonalmeshescannotbe used
becausehey aremerelypieceaviselinearsurfaces.

e Manufacturability: Somemanutcturingproceduresuchas CNC milling requirea
smoothsurfacerepresentatioto createhigh quality results.
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¢ Hierarchicalmodeling: Creatingmanipulablehierarchiesfrom smoothsurfacesis
a significantly simpler task than doing the samewith dense,irregular, polygonal
meshes.

Examplesf smoothsurfacesncludeparametriaepresentationsuchasNURBS, B-spline
andBeziersurfacesjmplicit representationsuchasspheresandcylinders,algebraicrep-
resentationdasedon explicit equationsandso on. To satisfy usersthat prefer smooth
surfacerepresentationsechniquesreneededor fitting smoothsurfaceso densepolygo-
nalmeshes.

A notablepropertyof our densepolygonalmeshess the fine surfacedetail presenin
the data(seefor examplethe modelin figure 1.1). This is dueto both the accurag of
new digitizing techniquesaswell asthe ability of newer integrationtechniquegCurless
& Levoy 1996, Turk & Levoy 1994]to retain this fine detail in the polygon meshre-
construction Whatever fitting techniquewve employ shouldstrive to retainthis fine detail.
Surprisingly aunifiedsurfacerepresentatiomaynotbethebestapproachFirst,theheary
machineryof mostsmoothsurfacerepresentation§or exampleB-splinesurfaces)makes
themaninefficient way to representine geometricdetail. Secondandperhapsmoreim-
portant,althoughgeometriaetailis usefulattherenderingstageof anapplication(e.g.for
animationandgameapplications)jt may not be of interestto the modeler Moreover, its
presencenaydegradethetime or memoryperformancef the modelingsystem For these
reasonsyve believe it is advantageous$o separatehe representationsf coarsegeometry
andfine surfacedetail.

Within this framework, we maychoosdrom amongmary representationfer thesetwo
components.For representingoarsegeometry modelersan the entertainmenand CAD
industry have long usedNURBS [Farin 1990] and in particularuniform tensorproduct
B-splinepatches.In orderto addresgheir needswve have choseruniform tensorproduct
B-splinesasour smoothsurfacerepresentationtollowing a standardpracticein industry
our smoothsurfacemodelsconsistof a network of tensorproductB-spline patcheghat
are stitchedtogetherat the patchboundarycurves. For mostapplicationsthe placement
of thesepatchboundarycurvesis partof the creatve processandnot easilyautomatable.
Thereforejn our solutionthe userspecifieghe patchboundaries.

For representingurfacedetail, we proposeusing displacementnaps. The principal
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adwantageof this representatiors thatdisplacemeniapsareessentialljmages As such,
they canbe processedretouched compressedand otherwisemanipulatedusing simple
imageprocessingools. Someof theeffectsshavnin chaptef7 wereachiezedusingAdobe
Photoshopa commerciaphotoretouchingporogram.

In thisthesiswe presentlgorithmsto fit a hybrid of smoothsurfacesanddisplacement
mapsto densepolygonalmeshesOur surfacefitting algorithmsareefficientandhave been
usedo createsmoothsurfacesatahighercompleity andqualitythanpreviousapproaches.
Furthermorethe hybrid surfacerepresentatiof B-splinesand displacemenmapsis a
flexible oneandassuchallows for editingoperationghatwould be hardto duplicatewith
existing unified smoothsurfacerepresentationd/Ve have alsoimplementecan end-to-end
surfacefitting software systembasedon the algorithmsdevelopedin this thesis. In our
discussionsve will oftendrav on our softwaresystemo explain several practicalaspects
of our solution.

In thefollowing section,we describesomeof the usesandapplicationsof solvingthe
surfacefitting problemdescribedibore (sectionl.1). Next, in sectionl.2we analyzesome
importantcharacteristicef our specificsurfacefitting problem.In sectionl.3we describe
our surfacefitting pipeline. In sectionl.4 we list the principal contritutionsof this thesis.
Finally, we endthis chaptemwith anoutline of therestof this thesis.

1.1 Applications

Algorithmsandpracticaltoolsfor corverting densepolygonalmeshedo smoothsurfaces
have applicationan a numberof fieldsincluding entertainmentindustrialdesign reverse
engineeringtheweb, medicine andmanugcturing.

1.1.1 Entertainment

Threedimensionamodelsin movies,gamesandbroadcastelevision programsisesmooth
surfacesor structuredpolygonalmeshegwhich areeasilyderived from smoothsurfaces).
Artistsin this domainoftensculptphysicalmaquette®f intended3-D computermodelsto
definethe uniquecharacteristicef the modelandto geta betterintuition for the model's
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shape. Currentpracticein this industry consistsof emplgying touch probesand similar
manualtechniquego input thesemodelsinto the computer Not surprisingly thesepro-
cessesretediousandtime-consuming.For thesedomains,the ability to createsmooth
surfacemodelsfrom laserscanneghysicalobjectsoffersa quick andpowerful alternatve
for modelcreation.

1.1.2 Industrial design

Designersn theindustrialdesigncommunityuseparametricsurfacegalmostexclusively)
to createheexteriorskinof consumeproductsuchasaudiospealkersandperfumebottles.
A large subsetof this communityconsistsof car styling applications.In this case,both
the interior and exterior of carsare often built asphysicalmockups. Subsequent/ytime
consumingprocessesuchastouchprobingareusedto createcomputermodelsfrom the
physicalmockups. In theseand similar domains,the ability to createcomplex smooth
surfacemodelsrom physicaimodelshasthepotentialof cuttingdesigntime andpermitting
the creationof modelsof a greatercompleity thanis possibleusingcurrentmethods.

1.1.3 Reverseengineeringand inspection

Techniqueghat corvert scannediatato smoothsurfaceshave obviousapplicationsn re-
verseengineering. Specificexamplesinclude verifying the dimensionsof partsagainst
existingcomputemodelsandcreatingcomputemodelsof partsfor whichno suchmodels
yetexist. Interestingly the laserscanningof objectsis becomingincreasinglycommonin
this domain. Unfortunately existing softwaretools that procesghe resultingdatatendto
have limited functionalityandareusuallymanuallyintensve (seechapter2 for details).

1.1.4 Medicine

In the medicalindustry ComputerTomography(CT) and MagneticResonancémaging
(MRI) technologiesrecurrentlyusedto createbothvolumesanddensegyolygonalmeshes
from sequencesf cross-sectionadata. Thesecomputemodelsareemployed mainly for
visualizationanddiagnosigurposesTo enableheuseof thesemodelsfor awiderrangeof
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applicationssuchasthefinite elementanalysisof bonestructureor softtissuedeformation
analysisthey mustbe corvertedto smoothsurfacerepresentations.

1.1.5 Manufacturing

CertainmanugcturingtechnologiesuchasCNC milling requiresmoothsurfacedescrip-
tionsin orderto producehigh quality output. Thesetechnologiesare widely usedin in-
dustriessuchas manugcturingof car body exteriors, mechanicaparts, toys, consumer
goodsetc. The ability to convert densepolygonalmodelsto smoothsurfacespermitsthe
manugctureof theseobjectsusingthesesophisticateananufcturingtechnologies.

1.2 Problemcharacteristics

Before we discussour surfacefitting solutionin greaterdetail, it is instructve to exam-
ine somecharacteristic®f our applicationsand of our input data. Thesecharacteristics
have significantimplicationsfor ary surfacefitting solution. Surprisinglymary existing
solutionsto surfacefitting problemsoverlookoneor moreof thesecharacteristicandasa
resultuseinefficientalgorithmsor producepooror simply un-usablesmoothsurfaces.

1.2.1 Application characteristics

A significantcharacteristiof our surfacefitting applicationss: there is usually a non-
automatable,creative componentintrinsic to the processof smooth surface creation.
An exampleof anon-automatableomponenbf thesurfacefitting procesgwhenparamet-
ric surfacesareused)is the placemenbf patchboundarycurves. This non-automatibility
hasthreeimplicationsfor ary surfacefitting solution:

e First,acompletelyautomatedurfacefitting algorithmis notacceptable.

e Second,a good solution shouldprovide efficient andintuitive tools to the userto
provide thecreatve input.

e Third, agoodsolutionshouldprovidereal-timefeedbaclatevery stageof thesurface
fitting procesgo providetheuserasmuchcontrolasis needeaverthefinal solution.



CHAPTER1. INTRODUCTION 7

1.2.2 Input data characteristics

Fourimportantcharacteristicef ourinput dataare:

1. Theinput data is of known topology. Thefactthatthedatasetis a polygonalmesh
ratherthanjust a cloud of pointsimpliesthata surfacedescriptionalreadyexistsfor
the dataseti.e. the datasetis of known topology Any algorithmsandprocedures
we develop shouldstrive to usethis existing topologicalinformationin the smooth
surfacecreationprocess.Several commercialandresearchsystemgenumeratedn
section2.3) work exclusively with point clouds. When presentedvith polygonal
meshesuchsystemshoosdo discardthe connectvity informationprovidedby the
polygonalmeshand corvert the input onceagainto point clouds. This approach
tendsto beinefficientandcompromiseshe quality of theresultingsmoothsurfaces.

2. Theinput data hasarbitrary topology. Thisimpliesthatit is not possibleto solve
our surfacefitting problemusingalgorithmsthatwork on heightfields or objectsof
otherwiseestrictedopology While thereis anextensveliteratureonfitting surfaces
to objectsof restrictedopology thesetechniquesrenot generakenoughto work on
arbitrarytopologydataandarethereforenotapplicableto our problem.

3. Theinput data is dense This impliesthatour algorithmsmustbe efficientif they
areto provide a practicalsurfacefitting solution. Severaltechniquesn theliterature
arepracticalonly on smallpolygonalmeshesSuchtechniquesrenot applicableto
our problem.

4. Theinput data possessefine geometricdetail. Thisimpliesthatour surfacefitting
algorithmsmustbe capableof capturingthis fine surfacedetail. Severalfitting algo-
rithmsin the literatureproduceexcessvely smoothedout results. Suchalgorithms
have traditionally beenusedfor approximatingnoisy (or un-reliable)input data(see
chapter2 for adiscussiorof relatedwork). While it is appropriateo usesuchalgo-
rithms for approximatingnoisy data,they arenot acceptabldor our surfacefitting
problem.
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1.3 Surfacefitting pipeline

We have incorporatedhe insightsfrom the preceedingliscussioninto our surfacefitting
solution.In thefollowing discussionye presentinoverview of our solutionin theform of
asurfacefitting pipelinewhich acceptssits inputa densepolygonmeshandcreatessits
outputa hybrid of B-splinesurfacegpatchesandassociatedisplacemeninaps.Figurel.2
shaws our surfacefitting pipeline. The stepsareasfollows:

1. Interactve boundarycurve painting, whereina modelerdefinesthe boundariesof
a numberof patches.This is accomplisheawith tools that allow the paintingand
editing of curvesdirectly on the surfaceof the unparameterizegolygonalmodel.
Ourtoolsemploy bothtraditionalspacecurve basedediting paradigmge.g. editing
with a B-splinespacecurwe) aswell asnovel surfacecurve baseceditingparadigms.
For surface curve basedediting we proposethe use of surfacesnales a surface
curve formulationfor denseunparameterizefolygonalmeshes.The connectity
of the polygonmeshallows the useof local graphsearchalgorithmsto make curve
paintingandeditingoperationsapid. This propertyis usefulwhena modelemwishes
to experimentwith differentboundarycurve configurationgor thesamemodel.Each
region of the meshthata B-splinesurfacemustbefit to is calleda polygonalpatd.
Sincepatchboundariehave beenplacedfor artisticreasonspolygonalpatchesare
not constrainedo be heightfields. Our only assumptiongboutthemarethateach
is a rectangularlyparameterizablpieceof the surfacewithout holes. In this step,
theusercanalso(optionally)specifyoneor morefeature curvesperpolygonalpatch
(seestep2 belaw). Theseareto sene asconstraintgo the secondparameterization)
stageof our pipeline.

2. Generatea griddedresamplingfor eachpolygonalpatch. This is accomplishedy
anautomaticcoarse-to-fineesamplingof the patch,producinga regulargrid thatis
constrainedo lie on the polygonalsurface. We call this grid the spring mesh Its
purposes to establisha parameterizatiofior the unparameterizegdolygonalpatch.
Our resamplingalgorithmis a combinationof relaxationandsubdvision stepsthat
iteratively refinethe springmeshat a givenresolutionto obtaina bettersamplingof
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Physical mode

Scan and integrate

Dense, irregula
polygon mesh

Paint boundary
curves

Polygonal patche

Paint feature

curvesl Automatically resample
into regular grid
Per patch sprin
meshes
Fit surfaces and sitch
Set of stitched B+dine Set of associated
control meshes displacement maf

Figure 1.2 Oursurfacefitting pipeline. Theinputto oursysternis adensérregularpolygon
mesh. In the first step,boundarycurves for the desiredspline patchesare paintedon the
surfaceof the unparameterizegolygonalmodel. Thesecurves canbe editedeitherwith
spacecurveshbasedools or with surfacesnale basedools. The outputof this stepis a set
of boundedmeshregionsthatwe call polygonalpatdhes Next, we performan automated
resamplingof this polygonalpatchto form a regular grid that lies on the surface of the
polygonalpatch. We call this regular grid a spring mesh The usercan supply a set of
constraintcalledfeatue curvesto further guidethe structureof the springmesh. Feature
cunesmay be editedusingthe samesetof toolsusedfor editingboundarycurves. Feature
cunesareinterpolatedduring the resamplingof the polygonalpatch. In thefinal step,we
fit surfacego thespringmeshandoutputbotha B-splinesurfacerepresentatioanda setof
associatedlisplacemenmapsto capturethefine detail.
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the underlyingpolygonalpatch. This refinemenis explicitly directedby distortion
metricsrelevant to the splinefit. In caseswvherefeaturecurves are specified,the
parameterizatiors furtherconstrainedo interpolatethem. The outputof this stepis
a setof springmeshego which surfaceswill now befit. Theoriginal polygonmesh
is nolongerneedecandmaybediscarded.

3. We now usegriddeddatafitting techniquego fit a B-spline surfaceto the spring
meshcorrespondingo eachpolygonalpatch. The outputof this stepis a setof
B-splinepatchesepresentinghe coarsegeometryof the polygonalmodel. To repre-
sentfine detail, we alsocomputea displacementapfor eachpatchasaresampling
of the differencebetweenthe spring meshandthe B-spline surface. This regular
samplingcancorvenientlybe representedsa vector(rgb) imagewhich storesa 3-
valueddisplacemenateachsampldocation.Eachof thesedisplacementsepresents
aperturbationn thelocal coordinateframeof the splinesurface. Thisimagerepre-
sentatiorlendsitself to a variety of interestingmageprocessingperationsuchas
compositing painting,edgedetectionand compression An issuein our technique,
orin ary techniquéor fitting multiple patchedo data,is ensuringcontinuitybetween
the patchesWe useacombinatiorof knotline matchinganda stitchingpost-process
whichtogethemive usG! continuityeverywhere This solutionis widely usedin the
entertainmenindustry

1.4 Contributions

This thesishasfour principal contritutions. First, we presenta flexible formulation for

representingurfacecurveson denseunparameterizegyolygonalsurfaces. We call this

the surfacesnale formulation. Prior work on surfacecurveshasassumedhe existenceof

anunderlyingsmoothsurfacerepresentationOur formulationis computationallyefficient
andoffersanintuitive paradigmfor manipulatingcurveson densepolygonmeshesin the
contet of our surfacefitting pipeline,we usethis surfacesnale formulationfor the spec-
ification andsubsequengditing of boundaryandfeaturecurves. We demonstratsereral
surfacecurwve editingoperationsisingthis formulation.
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Thesecondnaincontribution of thisthesisis acoarse-to-fingparameterizatiostrategy
for densepolygonalsurfaces.In the contect of our surfacefitting pipeline,this stratgy is
usedto createa springmeshresamplingof eachpolygonalpatch. The algorithmunderly-
ing our parameterizatiostratgy is automaticgfficient,androbust,evenfor very comple
polygonalsurfaces.Prior algorithmshave lacked oneor moreof thesepropertiesmaking
themunusabldor mesheaving hundredof thousandef polygons.We alsodemonstrate
that our parameterizationare of a higherquality thanprior approachesSincethesepa-
rameterizationareeventuallyusedfor surfacefitting purposespurapproximatingd-spline
surfacesareconsequentlyf superiorquality.

Our parameterizatiostrat@y alsogivesthe usera flexible methodto designparame-
terizations- an ability that previous literaturein surfaceapproximationdoesnot address.
In our system,the usercanspecifya numberof constraintso the parameterizatiofi.e.
feature curved andthe algorithminterpolatesheseconstraintsduring the coarse-to-fine
parameterizatioprocessFeaturecurvesenablethe userto createthe customizegarame-
terizationsrequiredby mary applications.

Thethird main contribution of this thesisis our hybrid surfacefitting stratey. In par
ticular, we fit a combinationof B-splinesurfaces(for coarsegeometry)anddisplacement
maps(for fine geometricdetail) to our densemeshes. Our resultsreproducewith high
fidelity the geometryof the original polygonmesh.Furthermorepur hybrid surfacerepre-
sentatioroffersa flexible interfaceto manipulatehe geometryof the model. We demon-
stratethis flexibility by implementinga numberof surfaceediting operationghat would
have beendifficult to achieve usinga unified surfacerepresentation.

Thefourth maincontritution of thisthesisis a practicalend-to-endinteractve surface
fitting system. The outputproducedby our systemis in a usableform for mostanima-
tion and designapplications. Using this systemuserscan createmodelsof a very high
compl«ity from scannediata.

1.5 Organizationof this thesis

Theremainderof this thesisis organizedasfollows. Chapter2 reviews relevant previous
work andplacesour work in the context of othersurfaceinterpolationandapproximation
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schemes.

In chapter3 we describdechniquedor representingpaintingandmanipulatingcurves
on polygonalmeshesWe developthe surfacesnale formulationanddemonstraté@s uses
in performingcurve editing operationsdirectly on the polygonalsurface. Thesecurve
paintingandeditingtoolsareusedto createpatchboundarycurvesaswell asfeaturecurve
constraintgo parameterizations.

In chapter4d we motivateandintroduceour two-stagesurfacefitting stratgy: first, the
creationof a griddedresampling(the springmesh)of eachpolygonalpatch,andsecond,
a leastsquareditting to eachspringmesh. We compareour fitting stratgy to previous
fitting schemeandexploretherelatve advantagesnddisadantage®f ourapproachThe
particularsof the two-stagefitting stratgy are explainedin chapterss and6. Chapters
first presentsour coarse-to-finepolygonal patchresamplingalgorithm. In this chapter
we discusshoththe basicunconstrainegarameterizatioalgorithmaswell asmethodgo
constrainandguidethis parameterizatiomising featurecurves. This algorithmgenerates
a springmeshresamplingper patch. Chapter6 thenexplainsour algorithmsto createB-
splinesurfacesrom the springmesh.

In chapter7 we describeour stratgy for extractingdisplacementapfrom thescanned
dataanddescribeseveral methodsof interactingwith our hybrid representationWe ex-
plore someinterestingapplicationsof displacemenmapsanddemonstratsurfaceediting
operationghatwould be hardto duplicatewith justa smoothsurfacerepresentation.

In the presenc®f multiple patchesit is importantto ensurecontinuityat patchbound-
aries. Chapter8 discussesechniquedor ensuringcontinuity for both the traditional B-
splinesurfacerepresentatioaswell asdisplacemenmaps.Finally, in chapter9 we sum-
marizethe contributionsof this thesisanddiscussavenuesfor future work openedup by
ourresearch.

Throughoutthis thesiswe will drav on examplesfrom the entertainmenindustry
However, ourtechniquesregenerallyapplicable Portionsof thisthesisarealsodescribed
in [Krishnamurthy& Levoy 1996].



Chapter 2

Prior Work

Thereis a large literatureon surfacefitting techniquesn the CAD, computervision and
approximatiortheoryfields. We beggin this chaptemwith an classificatiorandoverviewv of
surfaceapproximatiorproblemgsection2.1)in ageneraketting.In thefollowing sections
we thendiscussn deptha selectionof theseapproximatiorsolutionsthatarerelatedto the
work advancedby thisthesis.

2.1 Surfaceapproximation problemin a generalsetting

Surfacefitting approachesanbe broadlyclassifiedbasedn thefollowing threecriteria:
e Typeofinputdata.
e Fitting method.
e Typeof outputsurface.

Eachof thesethreecriteria can be further classifiedbasedon a numberof sub-criteria.
For example,the input datacanbe differentiatedon the basisof topology(heightfields or
arbitrarytopology), measuremerdccurag (noisy or highly accurate)or the presenceof
explicit curve andsurfaceconstraintsFitting methodscanbefurtherclassifiedonthebasis
of fidelity of fit (e.g. approximatiorvs interpolationmethods) mathematicameasuresf
error(e.g.leastsquare®rror moving leastmedianof squaretc.),robustnesgo different

13



CHAPTERZ2. PRIORWORK 14

kinds of input data(e.g. to non-uniformdistributionsof data,to outliersetc.),andsoon.
Outputsurfacescanbefurtherclassifiedasparametride.g. B-spline,Bezier),implicit and
algebraiqe.g.quadricsplobbies) subdvision (e.g. CatmullClark, Doo Sabin),etc.
Eachcombinatiorof thesesub-catgoriescorrespondso adistinctsurfacefitting prob-
lem. As canbe expectedthe above cateyorizationspansa large body of work in a variety
of applicationdomains.A full descriptionof thesesurfacefitting problemsandattempted
solutionsis beyondthe scopeof thisthesis.We will insteadfocushereonly on a subsebf
theséfitting problemshat provide usefulinsightsinto our own approximatiorproblem.

qugltﬂgd Geometric Geometric Variational
Input Interpolation Approximation Interpolation
data type
Schumaker 1979
: - Franke 1982 Franke 1986 -
Height fields Sclaroff 1991 Terzopolous 198: Celniker 1991
Forsey 1991
Arbitrary Hoppe 1994
topology Bajaj 1995 Moreton 1992
point clouds Milroy 1995
Arbitrary Reeves 1990
Lounsbery 199( |Eck 1996
Loorlj%%gnymeshe Loop 199% Krishnamurthy 199¢| Halstead 199:
Grimm 1995  |(This thesis)
Arbitrary
topology mix
of point clouds Welch 1994
andcurves

Figure 2.1 A classificationof surfacefitting problems. This table organizeswork in the
field of surfacefitting by type of input dataand surfacefitting method. Seethe text for a
detailedexplanationof this figure.



CHAPTERZ2. PRIORWORK 15

Figure 2.1 provides a more compactclassificationin the form of a table of surface
fitting methodselevantto this thesis. We have organizedthis tableasa crossproductof
four typesof inputdataandthreekindsof fitting techniquesTheinputdatais classifiedon
the basisof topologyinto thefollowing cateyories:

e Heightfields: theinput datamay be viewed asa setof z offsetsfrom the zy plane.
Thedatacaneitherbe a setof scatteregointsor theremight be connectity infor-
mationincluded.

e Arbitrary topology point clouds: the input datais a setof unconnectegointsin
space.Theintendedsurfacemaybe of arbitrarytopology

¢ Arbitrary topologypolygonmeshestheinput datais a setof connectegbointsform-
ing anarbitrarytopologymanifoldsurface.

e Arbitrary topology mix of point cloudsand curves: the input datais mix of un-
connectedurvesandpoints. Theintendedsurfacemaybe arbitrarytopology

For eachof theabove kindsof datatherearetwo fitting options:
1. Interpolation:the computedsmoothsurfacepasseshroughevery datapoint.

2. Approximation: the computedsurface doesnot necessarilypassthroughthe data
points.Insteadt only approximateshe data(i.e. passesiearthem).

Independentf thesetwo optionstherearetwo kindsof surfacefitting stratejies:

1. Geometric: choosea specificgeometricprimitive (e.g. Beziey Catmull-Rom,B-
spline,etc.) asthe smoothsurfacerepresentatioandapproximatehe datawith this
specificprimitive.

2. Variational: formulatethe approximatingsurfaceasthe minimal enegy solutionto
a correspondingariationalproblem[Weinstock1974]. In this casethe choiceof a
specificsmoothsurfaceelements incidentalto the solution.
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Variationalmethodsarefundamentallydifferentfrom geometricmethodsbothin their
solutionstratgy andin therelative advantageshey offer. For example,it is usuallyeasier
to specifyfairly comple< curve constraintsas part of a variationalprocedurgWelch &
Witkin 1994].

Basedon the above classificatiortherearefour fitting methods,geometricalnterpola-
tion andapproximatiorandvariationalinterpolationandapproximation.For eachcombi-
nationof input datatype andfitting methodthe appropriatebox in the tablelists a selec-
tion of relevantprior work. Combinationsvheretherehasbeenno previouswork (to our
knowledge)have beencrossedut from thetable. Note alsothatwe have omittedentirely
the columncorrespondindo variationalapproximation.We are not aware of prior work
thatsuccessfullyaddressethis problemdomain.Theentriesfrom table2.1thatareof most
relevanceto our problemspacearetheapproachethatcreategeometricapproximation®f
arbitrarytopologypoint cloudsandpolygonmeshes.

In the remainingsectionsof this chapterwe provide anovervien of eachof the com-
binationsdiscussedn thetable. We will organizeour discussiorasfollows: we begin by
discussinggeometricinterpolationandapproximationtechniquegor the variouskinds of
inputdata(section2.2,2.3and2.4). Next in section2.5we discussvariationalinterpola-
tion stratgjies. We concludethis chaptemwith a discussiorof a selectionof relevantwork
in thetexturemappingdomain2.6.

2.2 Heightfields

Theproblemof fitting surfacego heightfield dataarisedairly oftenin anumbetrof problem
domainsrangingfrom visible surfacedeterminatiof Terzopoulosl 988]to computerani-
mation[Forsg/ & Bartels1991]andfreefrom surfacedesign[Celniker & Gossardl991].

2.2.1 GeometricInter polation

Geometrianterpolationto measuredlatais appropriatepractical)whenthe datahasbeen
measuredvith high accurag andis manageablén size. Franlke’s surwey on the subject
of scattereddatainterpolationprovidesa goodoverview to techniqguesrom a numberof
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applicationdomains[Franke 1982]. A specificexampleof interpolatingto griddeddata
is thework of Sclarof etal [Sclarof & Pentlandl991]. The authorsinterpolatecylindri-

cal facescanswith generalizedsuperquadricsurfaces. Sincesuperquadricsdon't have
enoughdeggreesof freedomto interpolatean arbitraryheightfield, displacemeninapsare
usedto interpolatethe griddeddataset. While thetechniquegpresentegroduceceffective
resultsfor heightfields,they cannotinterpolatedatasetsof arbitrarytopology

2.2.2 Geometric Approximation

Whentheinputheightfield is noisyor inaccurateapproximatiortechniquesrepreferable
to interpolation.Schumakr’s classicsurey [Schumalker 1979]on the subjectof approxi-
matingscatteredlataprovidesa goodintroductionto a large numberof popularapproxi-
mationmethods Anotherusefulsurwey in this domainis Franke’s comprehense bibliog-
raphyof bothclassicalndrecentapproximatiormethodqFranke & Schumalkr 1986]for
scatterediata.

Terzopouloss work in the areaof visible surfacerepresentatiors a typical exampleof
the problemof approximatingio noisy heightfield data[Terzopoulosl988]. In this par
ticular problem,the input datais obtainedfrom sterecimagepairsusingcomputervision
techniguesTerzopoulogproposes controlledcontinuity splinesurfacerepresentatiofor
approximatinghis kind of data. The controlledcontinuity formulationintroducesseveral
smoothingtermsduring the approximationprocesgo smoothout the noisein the input.
Recentwork in this field hasfocussednainly on variousenhancement® this basicstrat-
egy [Sinha& Schunckl1992].

Geometricapproximations alsoappropriatevhenthe heightfield datais accurateut
is too denseo beinterpolatedvithoutrecourseo surfacesof exceedinglyhighorder The
work of Forsegy etal. [Forsey & Bartels1991]and Schmittet al [Schmittetal. 1986]are
typicalexamplesof solutionstrategjiesfor thiskind of inputdata.Forsey usesa hierarchical
B-spline[Forsey & Bartels1988]surfacerepresentatiowhile Schmittusesa setof Bezier
surfacepatchesastheir smoothsurfacerepresentationTheseapproximationtechniques
perform effectively for scatteredheightfield dataor regular grids of points but are not
applicabléfor fitting datasetsof arbitrarytopology
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2.3 Arbitrary topology point clouds

In recentyearstherehasbeenmuchinterestin creatinggeometricapproximationgo point
cloudsof arbitrarytopology Theinput datasetis usuallyobtainedasthe outputof laser
rangescanners. Hoppeet al. [Hoppe et al. 1994] proposethe use of subdvision sur
faceqdHalsteadet al. 1993]for fitting point cloudsof arbitrarytopology They assumehat
the point cloud hasa uniform distribution of datapointsover the intendedsurfaceof the
model. The solutionproducesmoothsubdvision surfaceapproximationshroughathree-
stageoptimizationstratgy thatfirst producesatriangularmesh thenoptimizesthis mesh,
andfinally createsa subdvision surfacefrom this optimizedmesh.A similar approachs
taken by Bajaj et al. [Bajaj et al. 1995]. Similar to Hoppeet al., the authorsassumehat
the point cloud hasa uniform distribution over the intendedsurface. Their solutionworks
in threestepsaswell. First, atriangularmeshis constructedrom the point cloud. Second
aform of 3-D Delaunaytriangulationis usedto decomposespacento uniform tetrahedra.
Thesectionf the surfacewithin eachtetrahedrareapproximatedy BezierpatchesAs
afinal steptheapproximatedurfaceis smoothed.

Both thesesolutionsproducehigh quality smoothsurfaces.However, they have some
shortcomingsFirst, they aresensitve to non-uniformdistributionsof datapoints.Second,
thesemethodsarenot effective methodgor capturingfine surfacedetail sincethey tendto
smoothout theinputdata. Third, the smoothsurfacesproducedareeithersubdvision sur
facesor alarge numberof stitchedBezierpatchesBoth theseformatstendto be unusable
in mostpracticalapplicationdbecaus@f the densityof patchesandbecaus®f thelack of
flexible editingtoolsfor theserepresentationis popularcommerciabpplications.

A secondsetof solutiongthatwork with pointcloudsaremanuaB-splinesurfacefitting
systems.Examplesinclude commercialsystemssuchasImagevare’s Surfacer[Sinha&
Seneiratne1993],Delcams CopyCAD, andthework of Milroy etal [Milroy etal. 1995].
Theseapproachebegin by identifying a subsebf pointsthatareto be approximatedPa-
rameterizatiorof datapointsis usuallyaccomplishedby a userguidedprocessuchaspro-
jectionof thepointsto amanuallyconstructedaseplaneor surface[Ma & Kruth 1995]. A
constrainednon-linealeastsquareproblemis thensolvedonthissubsebf thepointcloud
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to obtaina B-splinesurfacefor the specifiedregion. While thesesolutionsarewidely ap-
plicable thentendto bemanuallyandcomputationallyntensve. Secondlyaswith thetwo
automatedsolutionsdiscusseckarlier thesesolutionsdo not satisactorily capturesurface
detail. More comparison®f this cateyory of techniqueswvith our algorithmsaresupplied
in chapter4.

In generaltheshortcoming®f mostpointcloudtechniqueganbeattributedto thefact
thatthey fail to exploit topologicalinformationalreadypresentn theinput (laserscanned)
data. As demonstratedby Curlesset al [Curless& Levoy 1996]and Turk etal [Turk &
Levoy 1994],usingthis additionalinformationcansignificantlyimprove quality of recon-
struction.

2.4 Arbitrary topology polygon meshes

2.4.1 Geometricinterpolation

Interpolatingpolygonmeshess awell researchedubjectin the geometrianodelingliter-
ature. Typically, the meshesave a smallnumberof verticesandthe endgoalis to create
a piecavise smoothsurfacethatinterpolateghe verticesof this network. In somecases
additionalinformationsuchaspervertex normalinformationis providedto assistthein-
terpolationprocessSeelounsberyetal’ssurwey [Lounsberyetal. 1992]for agoodreview
of thevarioustechniqueshathave beendevelopedin this area.

An exampleof a useof this techniquefor interpolatingsurfacesto digitized datais the
work of Pixar’s animationgroup[Ostby 1986,Ree/es 1990]. The datasetin this caseis
obtainedhroughthemanualdigitizationof thepolygonmeshnetwork usingatouchprobe.
Catmull-Romsplinesare usedto smoothlyinterpolatethis data. Recentwork in this field
hasfocusedon producinginterpolantshat generalizeB-spline surfaces[Loop 1994]and
interpolantsthat represent single manifold surface[Grimm & Hughes1995] insteadof
piecavisesmoothsurfaces.

The techniquesn the geometricalinterpolationdomaingenerateas mary (or more)
patchesstherearepolygons.While this stratgyy is acceptabléor smalldatasetsit is not
apracticalapproactor densegpolygonmeshes.
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2.4.2 Geometricapproximation

Geometriapproximatiorio denseolygonalmeshess thesubjectof thisthesis.Partof our
work canalsobefoundin [Krishnamurthy& Levoy 1996]. An alternatve fitting paradigm
tooursistheoneof Ecketal [Eck & Hoppel996]. Theauthordescribeamethodor fitting
irregularmeshesvith anumberof automaticallyplacedbicubicBezierpatchesFor thepa-
rameterizatiorstep,apiecaviselinearapproximatiorto harmonicmapgEck etal. 1995]is
used andthenumberof patchess adjustedo achievefitting tolerancesWhile thismethod
producesigh quality surfacesjt includesa numberof expensve optimizationstepsmak-
ing it too slow for aninteractve system.Furthermoretheir techniquedoesnot controlthe
specificplacemenbf patchboundariestathertheboundariesreautomaticallydetermined
througha multi-stepoptimizationstratgy. Achieving adequateontroloveranimationsus-
ing their representatiors presentlyan unresolhedissue.Finally, their techniquedoesnot
separatdine geometricdetail from coarsegeometry Particularly for very densemeshes,
we find this separatiorboth usefulandpreferableasalreadyexplained.We comparesev-
eralspecificaspect®f theparameterizatioachemeof Ecketal. [Eck etal. 1995]with ours
in greaterdetailin chapter5 (section5.7).

2.5 Variational interpolation

Variationalinterpolationmethodshave beenusedmostly in experimentalfree form de-
sign systems.The principal advantageofferedby a variationalinterpolationmethodover
a geometricalinterpolationmethodis that the usercan specify arbitrary point and curve
constraintsasinputsto the interpolationprocess. The variationalfitting procedureauto-
matically generates smooth,enegy minimizing surfacethatfollows theseuserspecified
constraintghat “fills in” unspecifiednformation. In contrastthe input to a geometrical
interpolationmethodmustbe completelyspecifiedi.e. thefitting methodcannot*ill in”
theunspecifiednformation.

Unfortunatelyvariationalsolutionsto datehave only beenappliedto problemsconsist-
ing of a small numberof manuallyspecifiedpoint and surfaceconstraints.For example,
thework of Celniker etal [Celniker & Gossardl991]interpolateda handfulof pointsand
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curvesthat wererestrictedto represenheightfields. This work was subsequenthgen-
eralizedto arbitrarytopology configurationsof points and curvature constraintsat those
pointsby Moretonet al [Moreton & Sequin1992]. While the surfacesproducedwere of
a high quality, the numberof specifiedpointswassmallandthe optimizationmethodused
wasexpensve. Halsteadet al [Halsteadet al. 1993] generalizedhe lasttwo schemego
interpolatearbitrarytopologypolygonmeshes However, aswith othergeometricainter-
polationmethodsthe methodis not suitedfor approximatindarge polygonalmeshes.

Welchetal [Welch& Witkin 1994]presented similar surfacedesignsystenthatwas
basedon anarbitrarytopologymix of curve andpoint constraints.The designtechniques
presenteaverethemostflexible aswell asefficientto date.Howeverthemaximumnumber
of nodeghatcouldbe usedwithout compromisingnteractvity wereafew hundred.Once
again,thisis notaviabletechniquéfor large polygonalmeshes.

While therehave beenattemptsat variationalinterpolationof small datasets(asdis-
cussedabore), no techniquesexist yet for the variationalapproximationof densedata
(either heightfields or arbitrarytopology)with or without curve constraints. The ideas
advancedby this thesistake the first stepsin this directionthroughthe formulationof a
variationalparameterizatiomlgorithm (seesection5.12.1). However, our surfacefitting
methoditself is basedon traditionalprinciplesof geometricabpproximation.True varia-
tional approximatiorto densedataremainsanopenproblemfor futureresearch.

2.6 Relevant work in texture mapping

A key aspeciof our methodis an automaticparameterizatioschemefor irregular poly-
gonmeshes.As such,therearetechniquesn the texture mappingliteraturethataddress
similar problems notablythe work of Bennisetal [Bennisetal. 1991]andthatof Maillot
etal [Maillot 1993]. Both of thesepapergresenschemeso re-parameterizeurfacesfor
texture mapping. Thesealgorithmswork well with regular datasets,suchasdiscretized
splines. However, they canexhibit objectionableparametricdistortionsin general[Eck
etal. 1995]. PedersefPederseri995]describes methodfor texture mapping(andhence
parameterizing)mplicit surfaces. While the methodswork well with implicit surfaces,
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they rely on smoothnespropertiesof the surfaceandrequirethe evaluationof globalsur
facederwvatives. Sinceirregular polygonmeshesare neithersmoothnor conducve to the
evaluationof globalsurfacedervatives theaboretechniquegannotbeappliedto ourinput
datasets.



Chapter 3
Surfacecurve formulation

Our surfacefitting pipelinestartswith auserinteractvely segmentingthe polygonalmodel
into a numberof regionsthatareto be approximatedy B-splinepatches.In our system,
this segmentations accomplishedy the placemenbf boundarycurvesat userspecified
locations.Sincetheuserdictategheplacemenof boundarycurves,they mayhave complex
shapegelative to the surfacegeometry Therefore the ability to preciselypositionthese
curvesrelativeto thesurfacegeometryis crucialto ourapplication.As such,curvesthatare
constrainedo thesurfaceprovide a betterintuition for theshapeandpositionof aboundary
curve thanunconstrainethreedimensionaturves. In thefirst place,unconstrainedpace
curvescouldinterseciandbeoccludedoy the surfaceitself, makingfor poorvisualizations.
Secondlyin the absencef an explicit surfaceconstraintthe usermustmanuallyensure
thatthe curve closelyfollows the surfacegeometry If eitherthe surfacegeometryor the
curve shapegor both) are comple this processs likely to be tedious. A more serious
concernis that the processs likely to be error prone: for example using spacecurves
it is possibleto generatecurvesthat do not obey the topology of the underlyingsurface.
Thefactthatourinput polygonalmeshesrelarge only senesto further exacerbatehese
problems.To avoid the problemsassociatedavith the useof spacecurveswe represenour
patchboundariesassurfacecurwes. By definition, this representatiopossessea built in
surfaceconstraintindhenceavoidsthe mary problemsassociateavith spacecurves.

In this chaptemwe describeefficient andintuitive techniquedor specifyingandediting
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surfacecurves. We bggin (section3.1) with a descriptionof our surfacecurve represen-
tation. This representatioms a discreteonesinceit existson a piecavise flat surface. In
section3.2 we describea methodto createboundarycures.

Sincethe usermight wish to subsequentlgdit the positionof the curwe, it is essential
to provide flexible androbust curve editingtools. In our systemwe provide two kinds of
curve editingtools:

e Spacecurwe baseceditingtools.
e Surfacesnale baseceditingtools.

Section3.3describespacecurve basedediting. This paradigmassociatea face-point
curve with a correspondinghreedimensional(i.e. unconstrainedB-spline curve. An
editing operationon the B-spline curve now translatedo an analogousoperationon the
face-pointcurve. This paradigmallows usto usetheflexibility andpower of thetraditional
B-splinerepresentatiownhile still retainingthe benefitsof a surfacecurve representation.

While thespacecurve baseceditingparadigmis useful,it hasseveralflaws. We explain
thesein section3.4. To overcometheseflaws we proposea surfacesnale formulationfor
our surfacecurwves. This formulationfacilitatesthe creationof a new setof flexible curve
editingtoolsthatovercomethe shortcoming®f spacecurve basecediting. Thetheoretical
framework for surfacesnalesis discussedn section3.5. We discussan implementation
of the surfacesnale framework in section3.6. A simplisticimplementatiorof the surface
snale theorycanbeinefficient. In section3.7 we proposea methodto speedup the basic
implementation.

Tools basedon surfacesnalesoperatedirectly on the surfacecurve (ratherthanindi-
rectly througha spacecurve) and henceare moreflexible andintuitive to usethantools
basedon spacecurves. In addition,surfacesnalesalsoallow the useof surfaceproperties
suchasvertex colorto assisin the curve editingprocessSuchoperationsarenot possible
usingjust spacecurves. We concludethis chaptemwith a demonstratiomf theseandother
usesof surfacesnalesin section3.8.
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3.1 CurveRepresentation

A surfacecurve on a polygonalsurfaceis accuratelyrepresente@sa discretepolygonal
geodesig¢Mitchell etal. 1987]. Thisrepresentatiois essentiallyan“edge-pointcurwe” i.e.
a chainof edge-pointsuchthattwo successie edge-pointdie on sometwo edges(or a
corner)of the sameface.

(b)

Figure 3.1 A comparisorof theedge-poinsurfacecurve representatioandour face-point
approximatiorto it. (a) shaws an editing operationon an edge-pointcurve on a polygonal
surface. Notice that successie pointson the curve beforeand after the editing operation
mustlie on sometwo edges(or a vertex) of eachpolygonthat the curve crosses. This

couldmale therepresentatiomefficient for curve editing purposeswe mustkeeptrack of

wherethe cure intersectghe surfaceat eachstageof the editing operation.(b) shavs the

sameediting operationon our face-pointrepresentationln this case the editing operation
consisteagsimply of moving individual facepointsto their new locations.Theintersectiorof

theface-pointturve with edgesf thepolygonmeshdoesnotneedto bestoredor computed
atary pointof aneditingoperation.

While this representatiors a usefulandelegantonefor someoperationsit is unsuit-
ablefor our purposeskor examplefigure3.1(a)demonstrateasimpleeditingoperatioron
theedge-pointepresentationNotethatateachstepof theeditingoperatiorthe curve must
be clippedagainstthe edgesof the underlyingpolygonalmeshin question.Unlesscare-
fully optimizedthis operationcould beinefficientandthereforeunwieldyin aninteractve
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system.A simpleralternatve to the edge-pointrepresentatiois a face-pointrepresenta-
tion. A surfacecurwe in this representatioconsistsof a seriesof connectedace-points,
wherea face-pointis simply a point on somefacetof the polygonalsurface. We do not
placeanexplicit constrainion therelative positionsof successie face-pointof thecune.
Figure3.1(b)shavstheeditingoperationof figure3.1(a)on our face-pointrepresentation.
Sincewe do not explicitly maintainintersectionf this curve with edgesof the polyg-
onal mesh,our curve editing operationscan be madeefficient. The curwe is visualized
(i.e. renderedusinga piecavise linearreconstructiorthroughits constituenface-points.
Sincesurfacecurvescanbe occluded(in a 2-D rendering)by the surlacegeometryitself
we renderthemtogethemwith the surfacegeometryusinga hiddensurfacealgorithm.

Notethatour linearre-constructiorof face-pointcurvesmight intersecthe surfaceof
the polygonalmesh.An exampleof thisis shovn in figure 3.2. A hiddensurfacerender
ing of our face-pointcurves could thereforeresultin portionsof the surfacecurve being
occludedby the surfacegeometryitself. Sucharenderingwould provide anunsatisactory
intuition for the placemenof the face-pointcurve relative to the surface. However if the
samplingdensityof the curve is reasonablhigh the renderingis satishctory In practice,
we chooseour samplingdensityso that on the averageno two face-pointsare separated
by morethanthe width of onepolygon(i.e. successie face-pointsareeitheron the same
faceor onadjacentaces)We discusonemethodto maintaina uniform samplingoverthe
lengthof aface-pointcurvein section3.6.3.

3.2 Curve painting

Givenour choiceto represenboundarycurvesassurfacecurves(i.e. asface-pointurves),
thereare several possiblemethodsfor a userto placethemon the surface. We chooseto
have the userpaint the curvesdirectly on the meshsurface. An alternatemethodmight
beto draw threedimensionakpacecurvesandthenprojectthesecurveson the polygonal
surface. Yet anothemmethodmight be to useplanesto cut sectionsof the objectandhave
thosesectionsdefinecurves on the meshsurface. Suchtools have beenusedwith point
cloud databy a few researchsystemsas well as somecommercialpackagedSinha &

Seneiratne1993,Milroy etal. 1995].
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(@) (b)

Figure 3.2 A linearreconstructiorof the face-pointcurve representatiomight intersect
the polygonalsurface. For example(b) shavs a sectionof the face-pointcurwe in (a) that
intersectghe mesh. This is a potentialdravback of a linear re-constructiorof the face-
point curve. However in practice,if the samplingdensityof the cure is reasonablhyhigh
the visualizationis satishctory A methodfor ensuringuniform samplingdensityover the
lengthof aface-pointurwe is explainedin section3.6.3.
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While thesetools are usefulthey do not provide the intuitive feedbackthat a surface
paintingtool canprovide. For instance the curve projectionmethodis proneto failure
in regionsof the surfacethat have high curvature. In the caseof a cutting planetool the
shapeof the surface curve definedis severely limited: it canonly be a planarcontour
on the surface. Furthermorethesetools do not usesurfaceshapeas an integral part of
the curve specificatiorprocess.Therefore the usercannotrely onintuition aboutsurface
shapeduringthe curve specificatiorprocess.

V2

vl

(@) (b) ()

Figure 3.3 Boundarycurwe painting. Two successiely pickedverticesvl andv2 areshavn

in (a). Betweeneachpair of suchverticeswe computethe projectionon the surface,of a

straightline connectinghetwo. Thisis performedn two steps First, we computea greedy
graphpathbetweerthesewo vertices.This pathis aseriesof connectederticesof themesh
with v1 beingthe startvertex andv2 the endvertex. The intermediateverticesarechosen
usinga greedyalgorithm: given a vertex on the path,the next vertex is chosento be the
closestneighborof the destinationvertex in Euclideanspace.(b) shavs the greedygraph
path (asa thick polyline) correspondindo verticesvl andv2. This pathis thensampled
into aface-pointturve andsmoothednto a straightline asillustratedin (c). Thesmoothing
processs explainedin detailin thetext. Filled circlesrepresenindividual facepoints. The
face-pointcurve now represents samplingof the projectionon the polygonalsurface,of a

line fromvltov2.
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Figure 3.3 explainsthe specificsof our curve paintingprocess.Curve paintingis ac-
complishedin two steps. In the first stepthe userpicks a sequencef verticeson the
polygonmeshthatrepresena sequencef pointsthatlie onthesurfacecurve. Thepicking
taskis astraightforvardoneandcanbeaccomplishedh anumberof ways. We usethefol-
lowing method:the userselectsa seriesof pointson a 2-D projection(or rendering)of the
polygonmesh.This renderingstoresanitem buffer thatassociatefor eachscreerpixel a
setof meshverticesthatmapto thatpixel in therendering Whena screerpixel is selected
by theusertheprogramsearchethepixel’'sitembuffer is usedto computethevertex of the
meshthatis closesto theviewer. Anotherequallypracticalmethodfor accomplishinghis
pickingoperationis to tracearay throughthescreemositionunderthemouseandintersect
it with a face-pointon the meshsurface. We choseto implementthe former approactor
its simplicity anddueto the factthatthe operationis hardwareacceleratedn mosthigh
endworkstations.

The secondstepin the curve paintingprocess'chainstogether”surfacepointsasthe
useris picking them. This chainingproces<reatesa continuoussurfacecurve out of the
picked points. The problemof computingthis continuoussurfacecurve may be reduced
to finding a surfacecurve sectionbetweereachpair of successiely picked points.Joining
thesecurwe sectiondogetherthengivesustheoverall curve throughthe points.

It is worth notingthatthereis no “correct” curve joining thetwo points: sincethe user
hasnot suppliedary information other than the picked points, thereare mary possible
surfacecurvesthatwe cancreatebetweeneachpair of surfacepoints. The mostobvious
surfacecurwe to useis the shortestsurface curve betweenthe two pointsi.e. a discrete
geodesidMitchell et al. 1987]. Unfortunatelytrue geodesiccomputations prohibitively
expensve (O(n?) in thesizeof themesh[Chen& Han1990])andwould severelylimit the
interactvity of our paintingprocesslt is thereforenot a viable optionfor our application.
Of courseJesscomputationallyintensve approximationso geodesicgould be attempted
andthisis anavenuefor futureexploration.

We choosensteadto computea curve that represents samplingof the projectionon
the polygonalsurfaceof aline joining eachpair of successie points. We choosehis over
otherpossibilitiesbecausaet is a plausibleapproximationto a geodesidetweenthe two
userpoints.Furthermorethecomputatiormaybeaccomplishedisingpurelylocal surface
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informationandis thereforerapid. If two consecutiely picked surfacepointslie on the
sameface,the projectionoperationis trivial. If thisis not the casethenwe computethe
face-pointcurve sectionin two steps First, we computea graphpathbetweerthe startand
endface-pointof the curve section.This is definedasa sequencef connectederticesof
themesh suchthatthestartvertex is theclosesto thestartingface-poineandtheendvertex
is closesto theendface-point A greedygraphsearchalgorithmcomputeghispath.Given
avertex onthe path,the greedyalgorithmselectsasthe next vertex, ameshneighborthat
is closestn Euclideanspaceto the endingface-point.The graphpaththatwe obtainfrom
the previous stepis samplednto a numberof face-points.The resultingface-pointcurve
is jaggedsinceit conformsto the edgesandverticesof the polygonmesh(figure 3.3b).
As a secondstepwe thensmooththis face-pointcurve with a straightline joining the start
andendpoints. The smoothingoperationis basedon procedureé'CurveAttract” which is
explainedin section3.3.1. In this procedurethe jaggedgraphpathis first samplednto
a setof face-pointandthensmoothedisinga straightline joining the two points(shavn
in figure 3.3c). This two stepsmoothingoperationis morerobustthana directone-step
projectionof aline onthe surface. As explainedearlier a singlestep,directprojectionto
the surfacecansuffer catastrophidailuresin regionsof the polygonmeshthat have high
cunvature.Our two stepprocesss robustto abruptchangesn surfacecurvatureandshape
sinceit startsout with a good initial guessof the path on the surface (the graphpath).
Figure3.3summarizeshe curve paintingprocess.

It is worth notingthatour proceduréds not guaranteedo provide the shortespossible
paththroughthepickedpoints.Our graphpathswerecreatedisingalocal (greedy)heuris-
tic andthe subsequergamoothingoperatiormovesface-pointonly locally onthe surface.
However, a shortespaththroughthe pointsdoesnot have ary specialsignificanceor our
application.A plausibleapproximatiorto it sufficesfor our purposes.

The paintingprocesyyields a face-pointcurve througha sequencef picked vertices.
Betweeneachpair of picked verticesthe face-pointcurve sectionis the projectionon the
surface,of a straightline. Therefore the paintedsurfacecurve may be viewed asa pro-
jection on the surfaceof a piecavise linear curve. In practice,the userwill wantto edit
this curve to move it into amoredesirableposition. At thevery least,the userwill wantto
smooththe surfacecurve soit takeson moredesirableappearancdn the next sectionwe
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discussoneparadigmfor curve editingthatusesspacecurves.

3.3 Curveediting using spacecurves

Spacecurwve basededitingtools arein turn basedon a procedurehat, given a face-point
curve andanunconstrainethree-dimensionapacecurve, useshespacecurve to smooth
theface-pointcurve. It accomplisheshis by “attracting” the face-pointcurve (on the sur
face)to thespacecurwe.

3.3.1 Attracting face-pointcurvesto spacecurves

Recallthatin oursystemasurfacecurweis aserieof connectedace-pointsLet usassume
for the momentthatwe are supplieda spacecurve thatis to be usedto smooththe face-
point curve. As afirst stepin curve smoothingwe samplethe spacecurve uniformly (by
arclength)into a numberof individual threedimensionabpoints. We associat®ne such
point in spaceto eachface-pointof the surfacecurve. The curve smoothingprocedure
simply slideseachface-pointof the curve to a new locationon the surface suchthat it
becomesheclosespointonthesurfaceto thecorrespondingointonthespacecurve. We
call thisthe CurveAttact procedure SeeAppendixA for onepossibleimplementatiorof
aprocedurdo slide pointson polygonalsurfaces.Figure3.4 sumsup this procedure.

If the spacecurve hasa plausibleprojectionon the surface,CurneAttractensureghat
theface-pointcurve representshis projection.Furthermorethe algorithmis rapidsinceit
usespurelylocalinformationwhensliding pointsover the polygonalsurface. However, if
the spacecurve usedfor smoothings notwell chosenCurveAttractis proneto non-rolust
behaior. First, noticethatthe movementof a face-pointdoesnot affect its neighborsin
the face-pointcurve: eachface-pointis treatedon an individual basiswhenit is moved
over the surface. Thus,if the spacecurve usedfor smoothingwasitself non-uniformly
sampledhesmoothedace-pointurve will alsobenon-uniformlysampledverits length.
A secondpotentialpitfall of thealgorithmis thatif eitherthe spacecurve doesnotpossess
a plausibleprojectionon the surfaceor if thereare abruptchangein surfacecurvature,
applyingthe algorithmcould leadto an undesirablalistribution of face-pointswithin the
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Figure 3.4. ProcedureCurneAttract: smoothinga face-pointcurve usinga spacecune. (a)
shavs anattractorAr onthespacecurve andanattracteéde onthepolygonmesh.(b) shavs
a 1-D versionandtherestpositionof Ae.

smoothedace-pointurve. Thisin turncouldleadto poorvisualizationsIf thespacecurve
usedfor CurveAttractwas itself sampleduniformly over its length and had a plausible
projectionon the surface,the algorithmdoeswell, i.e. the smoothedace-pointcurve is a
faithful samplingof the projectionon the surfaceof thespacecurve. Clearly the choiceof
asuitablespacecurve is animportantone. The next sectionfirst discussesur methodfor
choosinga suitablespacecurve andthenexaminessomecurve editingoperationdasedn
this method.

3.3.2 Fitting a B-spline curveto the face-pointcurve

For editingoperationghatarebasedn spacecurve smoothingwe have choserthe space
curve representationo be uniform B-splines. This representatios widely usedby 3-D
modelersandassuchit enableghe useof familiar editing operationge.g. control vertex
manipulation).Otherparametriccurve representationsay be easily substitutednto our
approach.

We arrive ataninitial locationof thethreedimensionaB-spline(space)urve through
aleastsquaredit of the face-pointcurve data. The equationfor a uniform B-splinecurve



CHAPTER3. SURRACE CURVE FORMULATION 33

C(u) canbewritten as:

C(u) = ZXZBZ(U) (3.1)

In the equation,B;(u) is the uniform B-spline basisfunction [Bartels et al. 1987, Farin
1990]andX; arethecontrolverticesof the B-splinecurwe. Initially thecontrolverticesare
unknowvn to us; we mustchoosethemto form a reasonabl@pproximationto our surface
curve. Therefore giventhe numberof controlverticesN desiredn theapproximatingB-
splinecurve andthefacepointsP;(z, y, z) of the surfacecurve, we needto determinethe
locationsof asuitablesetof controlvertices(i.e. X;) suchthattheresultingB-splinecurve
C(u) is agoodapproximatiorto thefacepoints.

This is a traditional curve approximationproblemandis well studiedin the litera-
ture. For our particularcasethe problemcanbe framedasa non-lineareastsquaregprob-
lem [Dierckx 1993,Rogers& Fog 1989]. Thisis explainedasfollows. In equation3.1we
needto find the X; aswell asu valuesfor eachdatapointP;(z, y, z). Since,the B-spline
basisfunctionswe usearenonlinear (in generalthey areof order4) in u the approxima-
tion problemis a non-linearone. Onesolutionto this approximatiorproblemproceedss
follows. Assumethatwe have assigneda parametevalue(i.e. au; value)for eachdata
pointP;(z, y, z). For the jth datapointequation3.1 canthenbewritten as:

N
Pj(z,y,2) = C(u;) = >_X;Bi(y;) (3.2)
=0
We getonesuchequationn thevariablesX; for eachface-pointin ourapplicationthisset
of equationss usuallyover-constrainede. thenumberof facepointsis fargreatethanthe
numberof control pointsapproximatingheface-pointcurve. If thenumberof face-points
is M this over-constrainedinearsystemcanbewritten as:
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Thisis anover-constrainedinearsystemandcanbe solvedusingtraditionalnumerical
techniquegLawson& Hansonl1974]. Multiple linear constraintssuchasfixing a setof
controlverticesat specificlocationsareaddedn a straightforvardmanner Thus,oncewe
have assignegarameteraluesto the datapointsthe problemreducego the numerically
simple one of solving a setof linear equations. Thereare a numberof techniqueghat
have beenproposedor assigningparametewaluesto the datapoints. Seefor examplethe
methodsexplainedin the works of Foley andNielson[Foley & Nielson1989,Nielson&
Foley 1989]andthe methodgeferencedherein.

For ourapplicationrwe have choserto usethearclengthmetricfor assigningparameter
valuesto theseface-points.This assignsa u valueto eachface-pointthatis equalto the
ratio of thelengthof thecurve upto thatpointto thetotal lengthof thecurve. Thelengthof
ourface-pointcurvesitself (or sectionghereof)is easilycalculatecbasedn the distances
betweersuccessie face-pointgi.e. the chordlength). While this is an approximatiornto
the true lengthof the curwe, it is a satishctoryoneif the curwve is well sampledalongits
length. Thisparameterizatiomethodworkswell in practice.Seesection3.6.3for methods
on maintaininga uniform samplingof face-pointcunees.

Basedon the parametewvalues,we fit the face-pointcurve with a uniform B-spline
curve of knowvnresolution(i.e. V). Thisresolutionis interactvely choserby theuser This
choiceallows the userto determinehow closely a B-spline curve mustapproximatethe
surfacecurve for an editing operation.If the userwishesto smooththe surfacecurve by
a substantiabmounta coarseB-splinecurve (i.e. fewer controlvertices)couldbe chosen.
In this casethe B-splineapproximatiorwill be muchsmoothethanthe surfacecurve and
hencetheresultingsmoothingoperationwill createa muchsmoothesurfacecurve. Simi-
larly, alarger numberof controlverticesfor the B-splineapproximatiorresultsin a much
closerfit to the surfacecurve andhencetheresultingsmoothings subtle. The next section
briefly discusse$urtherdetailsof editingface-pointcurveswith B-splinecurves.

3.3.3 3-D B-spline curve basedediting

The preceedingectionoutlinedthe procesf obtaininga B-splinespacecurve from the
face-pointunve. In practice theleastsquareditting andsmoothingnethodoutlinedin the
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lasttwo sectionscanbe performedat interactve speedsven for large polygonalmeshes
anddenseface-pointcurves. This allows the userflexibility whenusingthe smoothap-
proximatingspacecurwe to performcurve editing. Coarserresolutionsallow large scale
smoothing(andediting) while higherresolutionsallow the fine tuning of face-pointcurve
placement.Editing is straightforvard: the usermanipulatesithera control vertex or an
editpoint [Forsey & Bartels1988]of the B-splinecurve. This updateghelocationof the
B-splinecurve whichin turnupdateshesurfacecurve basedntheprocedureCurveAttact
discussecarlier In practiceall the standardnethoddor editingandcontrollingB-spline
curves may be usedin the above process. Examplesinclude manipulatingtangentsand
acceleratiorvectorsat edit points.

The methodhasa severaladvantagesFirst it runsat interactve speedsvenfor large
meshes.This is becausehe curve smoothingalgorithmusesonly local surfaceinforma-
tion to accomplishsmoothingi.e. only thosepolygonsthat are actually touchedby the
face-pointcurve needbe traversedduring eachsmoothingstep. A secondfeatureof the
algorithmis thatit usedraditionalB-splinecurve editingtechniquesThisis awell studied
areaandcommercialpackagesuchasAlias, Softimage Pro/Engineerllow a numberof
powerful toolsto manipulateB-splinecurves. Thusa modelercanusea powerful andfa-
miliar setof toolsto manipulatethe surfacecurve (albeitindirectly) while still benefitting
from theadditionalintuition offeredby asurfacecurve. Finedetailsmaybeeditedby using
more control verticesin the B-splinecurve while coarsegeometrycanbe editingusinga
smallernumberof controlvertices.

In the preceedingliscussioronecould alsoimagineusingothercurve representations
(i.e. basisfunctions)suchasawavelet[Gortler& Cohenl1995,Finkelstein& Salesinl994]
or a hierarchicalB-spline representatiofiForsey & Bartels1988]. The smoothingand
editing techniquesoutlined above work with any underlyingbasisfunction for the space
curve. In eachof thesecaseshe underlyingmathematicaktructureof the spacecurve
representatiors inheritedby the surfacecurve. We have chosera uniform B-splinebasis
functionbecausdt is therepresentationf choicefor mostpopularmodelingpackages.
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3.4 Limitations of spacecurve basedediting

While the curve editing paradigmoutlinedin the previous sectionhasa numberof ad-
vantagest hassomeshortcomingsfirst, editing basedon spacecurvesis usuallynot an
intuitive operationfor sophisticatecediting scenarios.This is becausehe userdoesnot
directly manipulatehe surfacecurve; rather all editing operationsmustbe accomplished
indirectly by manipulatingthe B-splinespacecurve, which in turn controlsthe face-point
curve. Furthermoresomeediting operationson the spacecurve might produceno change
in the surfacecurwe (this canhapperfor exampleif theinitial andfinal stateof the space
curve have the sameprojectionon the surface). A secondshortcomingof the spacecurve
basedediting procedurenvasoutlinedin section3.3.1: if the spacecurve doesnot have a
plausibleprojectionon the surface(suchasmight happenin high cunatureregionsof the
surface)thesmoothingalgorithmis proneto non-rolustbehaior.

Note that the shortcoming®f a spacecurve basedediting paradigmare independent
of the specificrepresentationf the spacecurve. Our choiceof a B-splinebasisfor space
curvesdoesnotworsenor alleviatetheseproblems Ratherit is the editing paradigmitself
thathastheseshortcomings.

3.5 Surfacesnakes: minimum energy surfacecurves

To overcomehe shortcoming®f spacecurve basedediting,we proposea new framewvork
for the direct manipulationof surfacecurveson densemeshes.We call this the surface
snale framavork. A surfacesnale is anenegy-minimizingface-pointcurve. The enegy
of asurfacesnale is acombinationof internalandexternalcomponentsln theabsencef
externalconstraintsa surfacesnale tendsto minimizejustits internalenegy. As external
constraintareaddedthesurfacesnale attainsanenegy statethatminimizesbothinternal
and externalenegy constraints.Using the surfacesnale framevork we develop a curve
editingtool thatenablegheuserto edit surfacecurvesby directly selectingandmoving on
thesurfaceanarbitrarysectionof the curve (seesection3.8.1). The curve sectiondeforms
onthesurfacewhile stayingcontinuouswith therestof thesurfacecurve. Becauseheuser
directly manipulateshe surfacecurwe, the editing operationis intuitive. Furthermorethe
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surfacesnale formulationensureshattheeditingoperations robustwith respecto abrupt
changesn surfacecurvatureandgeometry

In thissectionwe begin (in subsectior8.5.2)by reviewing aselectiorof relatedwork in
the areaof surfacecurvesaswell asenegy-minimizingcurvesin general.We follow this
with a discussiorof a theoreticaformulationfor enegy minimizing curveson polygonal
surfaces.Subsequergectionsdiscussan efficient implementatiorandapplicationsof the
formulation.

Thesurfacesnale frameavork is anextensionto polygonalsurfacesof snalesin two di-
mensiongKassetal. 1988]. As suchit dravs severalinsightsfrom two bodiesof research:
thevariationalmodelingliteratureandprior work on surfacecurves(on othersurfacerep-
resentations)in thefollowing discussionye discussachof thesein turn.

3.5.1 Snakes: energy minimizing curvesin 2-D

Snales (or actve contours)are enegy minimizing curves in two dimensions[Kass
etal. 1988]. They wereformulatedfor the purposeof assistingn the performancef high
level image processingperationssuchasidentifying subjectve contours,motion track-
ing and performingstereomatching. Sincethesekinds of algorithmsoftenrequiresome
form of higherlevel reasoninglow level automatealgorithmsusuallyperformpoorly for
theseoperations Kasset al. arguedthataninteractve systemthatusedminimumenegy
curves(or “active contours”)could be usedto attainsuperiorsolutions.They calledthese
curvessnalesfor their snale-like behaior during a seriesof enegy minimizing steps.A
snale underthis definitionis anenegy minimizing 2-D curve associateavith anunderly-
ing image. The enegy of the snale is measure@sa combinationof internalconstraints,
image-basedonstraintsand usersupplied(external) constraints.For a curve v(s) thatis
parameterizedly arclengththis enegy is written as:

1
Esnak'e :/0 Einternal(v(s)) + Eimage(v<3)) + Econstraint(v<3)) ds (33)

In the equationabove, the (arc length) parameter variesfrom 0 to 1, the length of the
cune. Fi.....a representshe internalenegy of the snale dueto the internalstretching
andbendingof the cune. E;,.,.. representshe enegy of the curve dueto propertiesof
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the underlyingimage (e.g. intensity magnitudeor gradients)and E,,,.t-.in: fEPresents
externalenepy (e.g.basednuserdefinedconstraints) Thesnale attemptdo reachafinal
statethatminimizesE,,, j.c.

To provide anintuition for whattheseenegy termsrepresentve examinein moredepth
theinternalenegy term E;,,;.,.;- This canbefurtherexpandeds:

Einternal<v(5)) = 05(5)|Vs|2 + ﬂ<5)|vss|2 (34)

where
ov 03v

_ v —_
d0s’ s

o and 8 areweightingfunctions. The presencef thefirst orderterm|v,|* minimizesthe

Vs

lengthof the snale. For anintuition of whatthis termaccomplishesmaginethe behaior
of a pliable, elasticbandthatis constrainedo passthrougha seriesof hooks. The elastic
bandshrinksits lengthto beasshortaspossibleandstill pasghroughthosehooks.For this
reasonthefirst ordertermis sometimeseferredto asthe membaneenegy or stretching
enegy of thecurve. Thetermlocally characterizea C° curvethatneedonly becontinuous
but not differentiable.e. the curve canhave sharpcorners.

The secondorderterm |v55|2 minimizesthe cunature over the length of the curwe.
For anintuition for what this accomplishesimaginethe behaior of a stiff wire thatis
constrainedo passthrougha seriesof hooks(like the membranen our exampleabove).
Sincethe wire is resistanto bending,the resultingcurve is smooth. For this reasonthe
secondordertermis sometimeseferredto asthe thin plate enegy or bendingenegy of
the curve. Quantitatvely, the term locally characterizes C*! curve i.e. acurwe thatis
continuousandhasa continuoudirst derivative.

Thefunctionsa(s) andj(s) arereferredio ascontinuitycontmol functions.By changing
themonecancontroltherelative strength®f thestretchingandbendingermsandtherefore
theshapeof thecurve. For example whena(s) is zerothecurve hasalocaldiscontinuityat
s. Wheng(s) is zero,thecurve hasasharpcornerat s. Thecurve producedy equatior3.4
is calleda controlled continuitysplinebecaus@®ne canchangehe continuity at any point
alongthe curve by manipulatingthe continuity controlfunctionsa(s) andj(s). Usingthe
controlledcontinuity splineandjudiciousformulationsfor £;,,,,5. and E,q,straint avariety
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of usefulbehaiors may be obtainedfor snales. We referthe readerto the original paper
by Kassetal. for furtherdetails[Kassetal. 1988].

3.5.2 Prior work on surfacecurves

While manipulatingcurvesin Euclideanspace(%? or ?) is a well studiedsubject,there
hasbeenlittle work onthesubjectof manipulatingcurveson arbitrarycurvedmanifolds.If
themanifoldis alreadya parameterizedurfacein 3-spacethe curve definitionproblemis
effectively transformedo a problemin the Euclideanplane(i.e. the curve coordinatedie
onthe parametriglane). Thustechniquegor manipulatingcurveson parametricsurfaces
arewell studied.However, whenthereis no obviousmappingof asurfaceto the Euclidean
plane,suchasin the caseof implicit surfacesor polygonmeshestherearevery few tech-
niquesthatallow auserto manipulatecurvesdirectly onthesurface.In theimplicit surface
domain,therehasbeensomework on fitting curvesonto generalquadricsurfaces|Dietz
etal. 1993],but thework is not easilyextensibleto non-polynomiakurfaces.

Thework of GabrielandKajiya [Gabriel& Kajiya 1985],subsequentlimprovedupon
by Barr et al [Barr et al. 1992], comescloserto our needs. Both of theseapproaches
modelsurfacecurvesasa minimumenegy solutionto anoptimizationproblem. Thefirst
approachworks purelyin parametricspaceandthe secondsolvesthe problemof interpo-
lating quaterniongn 4-spaceTheinterpolationmethodgproposedirenoteasilyextensible
to arbitrarysurfacedefinitions. Pedersert al [Pederser1995] demonstratea variantof
the techniquethat could be usedeffectively to calculatesmoothinterpolatingcurveson
implicit surfaces.

Noneof the abore-mentionedechniquesave addressedhe issueof intuitivenessof
control, computationakcomplexity of the optimizationstepsor the interactvity of their
algorithms.Further the methodsall make assumptionaboutthe smoothnespropertieof
theirunderlyingsurfacerepresentationWhile theassumptionsverevalid for the problem
domainbeingtackled(i.e. quaterniorspheresimplicit surfacesor quadricsurfaces)they
do not holdfor polygonalmeshes.
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3.5.3 Formulating snakesfor polygonal surfaces

Our surface snalke formulationis a extensionof the 2-D snake formulation of Kass et
al. [Kasset al. 1988] for densepolyhedralsurfaces. As such,the key differenceof our
formulationasdistinctfrom theirsaretwofold:

1. We addtheadditionalconstrainthatensureshatour snaleslie onthesurfaceof the
polygonalmeshwhile still satisfyingthe minimumenenpy criteria.

2. We re-formulateeachof the enegy termsin equation3.5 for the face-pointcurve
representation.

We explain boththesemodificationgn thefollowing discussion.
We usea controlledcontinuity splineto modelour surfacecurves. The internaland
externalenepgy termsof a surfacesnale canbewritten as:

1
Esurf—snak:e :/0 Einternal(v(8>) + Esur,f(v<5)) + Econstraint<v(s)> ds (35)

wherethe only modificationwe have madeto the 2-D formulationis the replacement
of Einqge With Eg,, ¢ to indicatesurfacebasedconstraintgratherthanimagebasedcon-
straints). The surfacecurve actsautonomouslyo correctits own shapeby finding a min-
imum to the enegy functional. Beforewe canusethis formulationwe mustaddresghe
two issuedisted above. In the following discussionwe usethe formulationfor E;,,;crna
to clarify both theseissues.The otherenegy termsgeneralizen a similar fashion. The
previous sectionexaminedthe two component®f the internalenegy for a curve in R2.
Our curves are face-pointcurves: theseare essentiallycurvesin %2 with the additional
constrainthatthey lie onthe polygonalmeshsurface.Considerequatior3.4in thecontext
of a face-pointcurve. The first orderterm minimizesthe integral of the tangentat each
pointalongthe curve. By definition,thetangentvectorof a surfacecurve is tangento the
surface.Thereforefor purpose®f evaluatingthefirst ordertermwe mayignorethesurface
constraint.

The secondorderterm doesnot generalizeto surfacecurvesin as straightforvard a
manner Oneintuition for this termis explainedin figure 3.5. The curvatureof a surface
curve canhave componentshatarebothnormalandtangentiato thesurfacethatthecurve
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Figure 3.5, Normal andtangentialcurvaturesfor a surfacecure. This figure shavs our

motivation for penalizingjust that componenif the thin plate term that is tangentialto

the surface. The thin plateterm attemptso minimize the integral of the magnitudeof the
cunaturev,, of thecure v. C1 is asurfacecurve with non-zerocunaturein spaceat the
point shavn. However, note that the tangentialcomponenbn the surfaceof v, is zero.
Thisimpliesthatatthepointshavn, C'1 alreadyminimizescunatureon thesurfacedespite
thefactthatit hasa nonzerocunaturein space.C2 shavs yet anothercurve on the same
surface. In this case the cunaturein spaceof a specificpointon C2 is shavn asv,s. The
normalto thesurfaceatthatpointis N, ;. Notethatatthe pointshavn, C'2 hasanon-zero
cunaturecomponentangento the surface. This is shavn in thefigureasv,;\IN,, s. It is

this componenbf thecunaturethatwe shallminimize.

41
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lies on. It is the componenbf the cunaturethatis tangentialto the surfacethatwe are
interestedn minimizing. This is easilyexplained. Whichever paththe curve takeson a
surface,at eachpoint on the curwe its curvaturevectorwill in generalhave a component
thatis normalto thesurfaceatthatpoint. Thisvectoris actuallythecurvatureof thesurface
itselfalongthetangento thecurweatthatpoint. Thereforeaminimumenegy surfacecurve
may possess hon-zeronormalcomponento its curvatureat eachpoint alongits length.
As before,this componentorresponds$o the curvatureof the surfacealongthe direction
of thetangento the minimumenegy curve atthatpoint. Thusthe normalcomponentf a
surfacecurve’s curvatureis afunctionof theunderlyingsurface.As suchit is unavoidably
non-zeraf the surfacehasnon-zerocurvatureandshouldnot be penalized.Thereforeour
secondorderterm only penalizeghe componenbf the surfacecurwe’s curvaturethat is
tangentto the surface. With theforegoingdiscussiorin mind the internalenegy cannow
bewrittenas:

Einternal(v(s)) = Oz(S)|Vs|2 + ﬁ(s)|V58\Nsurf<V(s))|2 ds (3.6)

whereNg,.s(v(s)) refersto thenormalto the surfaceat the surfacepoint correspondingo
the point on the cune givenby v(s). Borrowing Barr etal’s ([Barr etal. 1992]) notation,
we usev1\v2 to denoteavectordefinedasfollows:

vl.v2

v2
v2.v2

vi\v2 =vl —

This ensureghat (v1\v2).v2 = 0 i.e. thatv1\v2 is the vectorobtainedby subtracting
from v1 its componenin the v2 direction. For corveniencejn the following discussion
we will continueto usev,, to explain our surfacecurve implementation.In light of the
foregoing discussionthis term shouldbe interpretedasthe tangentialcomponenof the
curvaturevectori.e. asv,\ Ngyrt-

Note that equation3.6 doesnot explicitly ensurethat the curve will remainon the
surface.Rathert ensureshattheenegy of thesurfacecurve is computedn a meaningful
manner One methodfor imposingthe additional surface constraintcould be to add a
mathematicatonditionto equation3.6 that accomplisheshe desiredeffect. This is a
reasonableptionif the surfacehasa globaldescriptiorfor surfaceposition(e.g. F'(P) =
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0). In this caseone could substitutethe curve equationinto the surface equation(e.g.
F(v(s)) = 0) andoptimizethe curve with this asa constraint. However, our polygonal
meshesareunparameterizednddo not have a closedform equationthatdescribeghem.
Givenour curve representatiofa seriesof face-points)an effective methodof imposing
the surfaceconstraints to ensurethateachof theindividual face-pointof a curve always
stayon somefacetof the polygonalmesheven asthe curve movestowardsits minimum
enepgy configuration.

3.6 Surfacesnakes:an implementation

The problemposedby equation3.6 is a type of variationalproblem[Weinstock1974].
Practicalalgorithmsthat solve variationalproblemscomein two flavors: thefinite differ-

enceapproachandthe finite elementapproach. The finite differenceapproachstartsby

consideringanequialentstatemenof equatior8.4asasetof differentialequationsThese
comefrom a practicalresultof the calculusof variations[Weinstock1974]thatshavs that
a curwve that minimizesequation3.4 also minimizesthe setof differentialequationgthe
Eulerequationspivenby:

B d*Bv,s  dav,

EEuler<V) = ds2 - ds =0 (37)

For thesale of simplicity we areconsideringherejusttheinternalenegy terms.We extend
theformulationto includeotherkindsof enegy termsin latersections.

Finite differenceapproacheapproximateéhecontinuousolutionto the Eulerequations
usinga setof discretedifferenceequationsThis stratgy reduceghe curve representation
to a setof pointsin space. Therefore,we lose the original continuity of the solution.
Howeverit is acomputationallysimpleandan easilyextensibleapproach.

A secondapproachto solving our minimum enegy equationis the finite element
method. In this casethe desiredsolutionis representeds a weightedsum of a set of
carefullychoserbasisfunctions. The optimizationprocesseekdo find the optimal setof
weights(for thesebasisfunctions)that would resultin a minimum enegy solution. We
referthereaderto Celniker andGossards work [Celniker & Gossardl991]ondeformable
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curve and surfacedesignfor an exampleof usingthe finite elementtechniqueto create
minimumenegy curvesandsurfaces.For our applicationafinite elementsolutionwould

requirethat we constructan appropriatesetof smoothbasisfunctionsover an irregular,

unparameterizedolygonalmanifold. This is a challengingtaskin itself andremainsan

openproblem[Welch& Witkin 1994,Eck etal. 1995]. A variationof this stratgy could
beto usebasisfunctionsin %? (i.e. no surfaceconstraints).However this strateyy would

ultimately have to resortto creatingprojectionsof spacecurveson the polygonalsurface.
Thissolutionis notacceptabléo ussinceit runscounterto ouroriginalreasongor creating
a surfacecurve formulation(i.e. thatprojectionis in generalnon-rolustandcouldleadto

un-intuitive interactions).We have thereforechoseno usea finite differencesolutionon

our sampledace-pointsurfacecurve representation.

3.6.1 A finite differ encesolution

Our goalis to generatea minimum enegy face-pointcurve given a setof userimposed
constraintandperhapsa setof surface-basedonstraints.Our solutionstratey is to find
the discretizedversionof the Euler equationsandsolve the resultingdifferenceequations
for our solution. For simplicity, andwithout lossof generality we explain the minimiza-
tion processusingonly thestretchingandbendingenegy terms(acurwe’sinternalenegy).
Onceour basicsolutionparadigmis explainedwe may extendit in a straightforvard man-
nerby addingotherenegy terms.

Given just the stretchingand bendingtermsof equation3.6 the correspondindzuler
equationsareasgivenin equation3.7. Thediscreteform for the internalenegy termsis
written asfollows:

Einternal (V) = Z E(V(Z)) (38)

wherev (i) is thei-th face-poinandthesummatioris assumedo beovertheface-pointof
thesurfacecurve. Approximatingthe derativeswith their correspondingjinite difference
approximationsthe“eneigy” contritution of thei-th face-poinis givenby:

E(V(Z)) = OéiHVi — Vi_1||2/2h2 + /BiHVi—l — 2Vi + Vi+1||2/2h4 (39)
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whereh is the samplespacinglassumedo be uniform here).
The discreteversionof the Euler equationgfor anindividual face-point)is therefore
givenby thediscreteversionof equation3.7:

Epuer(v(1)) = Bix1(vi —2Vig1 + Vigo) + Bic1(Viea — 2viey + V)
—206i(Vic1 — 2vi + Vi)
—(%+1(Vi+1 - Vi) - CVi(Vi - Vifl)) (3.10)
=0

Notethatwe have droppedhedenominatorfrom theexpressionsgor thediscretederivative
andcurvaturein thisequation.n reality, theseweightsaffect therelatve importanceof the
firstandseconderms;however, in our discussionsve will subsumeheseweightsinto the
4’s. In two dimensionghe above equationcan be convenientlyexpressedn the form of
amatrix equationthatmay be solved usinganimplicit Euler method.We referthereader
to thework of Kasset al. [Kasset al. 1988]for a discussiorof theissuesnvolvedin such
a solution. Whatis worth noting hereis for our implementationa matrix basedsolution
cannotfactorin the point-on-sur&ceconstraint. Our iterationsmustthereforebe explicit
Euleriterationg Strang1986],i.e. we mustexplicitly enforcethesurfaceconstraintateach
iterationstep.

We proposean explicit iterative solutionthatat every iterationmoveseachfacepoint
of the surfacecurve by somedistanceon the surface. Whenwe startthe minimumenepy
iterationthe internalenegy of the curve is non-zero.The exactnumericalvalueis given
by the valueof Er,... The directionanddistancemoved by the surface-sna& (on the
polygonalmesh)arecomputedsothatthevalueof Eg,,., is reducedat eachiterationstep.
Theiterationproceedsn this manneruntil the surfacecurve reachests minimum enegy
configuration.Therearetwo stepsin our iterative enegy minimizationprocesgwhichis
essentiallyarelaxationprocess):

1. First, basedon the expressionfor Er,.. We infer a distanceand directionto be
movedby eachindividual face-point.

2. Secondwe slide the face-pointgo new positionson the surface,accordingto the
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computeddistanceanddirection.

Thedistanceanddirectionto bemovedby eachface-poinateachiterative stepis computed
in the form of a “force” actingon the individual face-points. We call the setof forces
computedrom theexpressiorfor £z, asthevariational Eulerforces

To our knowledge, no prior work on surface curves hasattempteda solutionto our
kind of variationalproblembasedon a decompositiorof the enegy termsasforces. It is
worth noting that, wherepossible,animplicit Euler solutionsuchasthe oneexemplified
by Kasset al. is preferablefor reason®f efficiency overanexplicit solutionsuchasours.
However asnotedearlief accomodatinghe additionalconstraintof keepingour curveson
the polygonalmeshsurfacewhile usingthis solutionis anopenproblem.

Thefirst stepin our solutionthenis to decomposéhe discretizedEuler equationsnto
a setof forceson individual face-points. We rewrite equation3.10for v; (i.e. thei-th
face-pointiasfollows:

EEuler(V(i)) = —(aiFi,iq - Oéi+1Fz,i+1 - 2(25501' — Bi1Ci1 — 5«i+10i+1)) (3-11)

where
Vig1 + Vie1 — 2v;

2

F, ;1 is proportionalto the discretebackward tangentat v;, F; ;. is proportionalto the
discreteforwardtangentat v, andC; is proportionalto thediscretecurvatureat v; (assum-
ing the samplespacingsareuniform). At someintermediatestageof our iteratve enegy
minimizationprocesgshe above expressions nonzero. In orderto reachequilibrium(i.e.
zerooutthe expression)ve proposeo exertaforce F.quqnt (1) onthei-th face-pointhat
would allow theface-pointo reachits minimumenepgy state.f;....itan: 1S givenby:

Fi,j =V; =V, C; =

Fresultant@) = _Einternal(V(i))
= il + o F i

+2(28,C; — i 1Ci 1 — Bi11Ci41) (3.12)

We cannow interpreteachof the five discretetermsin the above equationasindividual
componenforcesacting on the face-pointv,. We call thesefive forcesthe variational
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Euler forcesto indicatethatthey’re derived from the variationalequationscorresponding
to our minimum (internal)enegy curve equation.
Figure3.6 suppliesmoreintuition for theseforces. Theforwardtangentr; ;,; moves

Vis1

Mid pointofy and v,

(a) (b)

Figure 3.6. DecomposinghediscreteEulerequationsnto forceson individual face-points.
(a) shaws the forcescorrespondingo the discreteforward (F; ;11) andbackwvard tangents
(F;i—1) atv;. (b) shavs theforcecorrespondingo the cunaturetermC;.

1

v, towardsv;;; andthe backward tangentF;;_; movesit towardsv,_;,. The curvature
force C; movesv; towardsthe mid-pointof its two neighboringpoints.

Considertheresultanif thefirst two variationalEulerforces.Thistermrepresentthe
force dueto the membraneenegy term. Figure 3.7asuppliesan intuition for this term.
If the weightsare chosenappropriatelythis term movesthe point to a new locationthat
liesin-betweerits two neighbors Similarly, theresultantof thelastthreevariationalEuler
forcesrepresentshe forcedueto thethin plateterm. Figure3.7bsuppliesanintuition for
thisterm. Thisforcemakesthecurvelocally curvaturecontinuoudo theneighboringcurve
seggments. Noteall theseforcesaredefinedin Euclideanspace.e. they do notencodeour
knowledgeof surfacegeometry Following the agumentsf section3.5.3we useonly the
componenbf theseforcesthatlies onthelocaltangentplaneof thesurface. This projected
forceis usedto move the surfacepointto a new locationonthe surface.

To summarizeour basicsurfacesnale formulation: eachenegy minimizationtermis
reducedo a setof appropriatdorcesactingon individualface-pointof our surfacecurve.
The componenbf theseforcesthatis tangentto the surfaceis usedto slide theseface-
pointsover the surfaceto their new positionson the surface. At equilibrium, the resultant
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(a) (b)

Figure 3.7. VariationalEulerforces:a 2-D visualizationof resultantcorrespondingo each
of themembranendthin plateterms.(a) shavs the resultanof thefirst two terms(i.e. the
membranderm) from equation3.11. The force vectorcorrespondingo this resultantis a
linear combinationof the forward andbackward tangentvectors.If «; + a;+1 = 1.0 then
at leastin two dimensionghe resultantwill move v; to a point on the line joining its two
neighborgshavn asahollow circle). (b) shavstheresultanpf theseconderm(i.e. thethin
plateterm)in theequationvhenC; = 0. Thisforceattemptdo malke thecure atv; locally
cunaturecontinuougo theneighboringcurve segments.Onceagainthefinal positionof v;

is shavn asahollow circle.
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tangentiaforceon eachface-poinis zeroandthesurfacesnale reachess desiredminimal
enegy state.

3.6.2 Settingthe continuity control functions

An importantissueto addressn our enegy minimizationstratgy is whatthe continuity
controlfunctions(i.e. theweights«; and ;) shouldbe. Varyingthe relatve strengthof
thesefunctionscontrolsthe “stiffness”of the curve (seesection3.5.1). In aninteractve
ervironment,it is desirableo provide usercontrolover this parameterUnfortunatelythis
issuehasnot beenadequatelyaddresseh theliteratureon 2-D snales. We offer hereone
possiblestratgy for usercontrolover thesefunctionsfor surfacesnales.

One methodto provide the usercontrol over curve stiffnessmight be to offer local
controloverthevalueof «; andg; for eachface-pointWhile thiswould bestraightforvard
to implement,it would provide a cumbersomeénterfaceto the user Instead et us make
the assumptiorthatboth «; and3; areconstanfunctionsover thelengthof somesection
of thecunei.e.

a; = Q, /BL:ﬂ

Varyinga andg now controlsthestiffnessof theentirecurve section.For this curve section
equation3.12cannow bere-writtenas:

Fresut(i) = aF; -1+ ok +2(20C; — Ci—y — BCit1)
= 2aC; +26(2C; — Ci1 — Ciqq) (3.13)

since
Fiio1+ Fiip = 2C;

We canfurtherre-write this equationas:
Fresult@) = Kfa'irFfair@) + Kcurvaturchurvature(i) (314)

where
Kfair - 205; Kcum;ature - 26
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arethenew (constantontinuity controlfunctionsand
Ffair - CL« Fcurvatu'r‘e - 2CL - Gifl - GL‘—I—I

We call thesdasttwo expressionshefairnessandcurvatue forcesrespectrely. Fromour
earlierdiscussiorthefairnesdorcesimply representthemembranenegy term. It moves
eachpoint to the mid-pointof its two neighbors.Similarly the curvatureforce represents
thethin plateenegy term. It makesthe curve locally curvaturecontinuouswith respecto
the neighboringcurve sggments(figures3.6band 3.7b). Our useof the term fairnessis
motivatedby its usein the geometrianterpolationliterature[Halsteadet al. 1993]. In that
domain,thefairnesof aninterpolatingcurve or surfaceis a measuref its smoothness.
Notethatthe fairnessandcurvatureforceshave potentiallyconflictinggoals. Thefair-
nessterm attemptsto minimize the length of the curve. Intuitively, this meansthat it
straightensut(onthesurface)curvedpartsof theface-pointurves. Thecurvaturetermon
the otherhandattemptso make a surfacecurwe’s (tangential)cunature,continuousover
its entirelengthi.e. it smoothsthe curve only to the extent necessaryo attaincunature
continuity Equation3.14 providesa simpleframework for controlling the global curva-
ture propertiesof a surfacecurve. AssigningX ;- a higherweightproducedight, length
minimizing surfacecurvesandassigningk ..., .«ure & higherweight producesurvesthat
tendto be smoothandyet retaintheir existing curvatureproperties(i.e. a highly “curvy”
surface-cure is likely to retainits high curvaturepropertiesn anequilibriumstate).Fig-
ure 3.8shavs anexamplewheretherelative weightsof the curvatureandfairnesgermare
variedfor asurfacecurve. As thefigureillustrates aflexible setof editingoperationsnay
be performedwith constantvaluesfor K., ature (@nd Ky,;,) Over a sectionof the curve.
Thedetailsof theinteractiondor theseeditingoperationss explainedin section3.8.1.

3.6.3 Creatinguniformly sampledsurfacesnakes

When dealingwith discretizedcurvesit is importantto ensurethat the curves are ade-
guatelysampledalongtheirlength.A curvethathasanirregulardistribution of pointsover
its lengthis liable to missdetailin sparselysampledregions. More importantlysinceour
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J— —_ [ —_
Kcurvature - c Kcurvature - O-‘- Kcurvature - 1(:

(@) (b) ()

Figure 3.8 Snale continuity control functions. This particularediting scenariallustrates
theflexibility offeredby the surfacesnale formulation. The pointv; andthetwo endpoints
of the surfacecurwe are constrainedo be fixed during the enegy minimizing iteration of
the surfacesnale andthe weightof the cunvatureterm K.,,vature iS Varied. (a) (b) and(c)
shaw thefinal stateof arelaxationiterationasthevalueof K., qture 1S graduallyincreased
When K .vature 1S Z€roonly the membrangfairness}ermis active. Theresultingcurve
behaeslike atight elasticbandpassinghroughv; andthe two endpoints. The curve has
adiscontinuoudirst derivative atv;. As K ., vature iINCreaseshe curve behaesmorelike a
stiff wire (thin plate)anddistributesits curvatureoverthe entirecurve.

51
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snale basecenegy computationgaremadeonly atthediscretesetof face-pointsanirreg-
ular samplingleadsto aninaccurateestimateof snale enegy. Thisin turn canadwersely
affect surfacesnale basedediting operations.Figure 3.9 illustratestheseproblemswith
anexample. Previous literatureon minimum enegy 2-D curveshasnot addressedhis

Planar cross sectioof

,\/» polygonal surface

Piecewise linear
reconstruction
- of a surface snak

~
~
result

Figure 3.9. Maintaininga uniformly sampledsurfacesnale. The figure shaws anirregu-
larly sampledsurfacecurve on a planarcrosssectionof a surface. This curve minimizes
the resultantdueto the variationalEuler forces. Note however, thatbecauset is not uni-

formly sampledhlongits lengthit is analiasedepresentationf theunderlyingsurfacecross
section.Secondlysincethesamplectuneis analiasedepresentatioof theunderlyingsur

facesectionthesnale enegy termsfor the curve areincorrectlycomputedThisin turncan
resultin incorrectandun-intuitive editinginteractions.

problembecauséhe problemsimply doesnot arisein 2-D: thefairnessorcewould move
eachpointtowardsthe midpointof its neighborsn two dimensiongnsuringhatthe points
wereevenly distributedoverthelengthof thecunee. It is with theadditionof thecurve-on-
surfaceconstrainthatthenon-uniformsamplingproblemis introduced Previousliterature
onsurfacecurveshasnotadequatelyaddressethisissueeither

We solve the problemsassociatedavith non-uniformsurfacesnale samplingby adding
anadditionalforcetermto our minimumenegy snale formulation. Thisforcemoveseach
face-pointsothatit staysequidistanfrom its neighborsn the surface-cure. We call this
thesnale arclengthforceterm. A desirablecharacteristidor the arclengthtermis thatit
shouldnot changehe actualcharactenr shapeof the curwe itself. Ratherit shouldsimply
re-distritutetheface-pointof the surfacecurve sothatthey areevenly spaced.

Figure3.10providestheintuition in two dimensionsfor thearclengthterm. Thegoal
isto movev, to anew location,suchthatit become®quidistanfromits neighborsy,;_; and
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v;+1. Clearly ary destinatiorpoint on the perpendiculabisectorof theedge(v;_1, vi1)
will achieve this goal. However, ary of the positionson this bisectorwould changethe
shapeof the curve. Our goalis to choosea destinationon this bisectorthat minimally
changedhe global shapeof the curve. One methodfor selectingthis optimum position
could be to fit a non-localhigherorder(polynomial)curve andredistritute pointson the
surfaceaccordingo thiscurve. However, thisstratgy hasaproblem:thefitted curve would
have to onceagainbe projectedto the surface. As pointedout earliercurve projectionis
a nonrobustoperationin general.Figure 3.10shows threeothercandidatepositionsthat
we could move v; to. We have found that moving a face-pointdirectly towardsits more
distantneighbor(i.e. v;, ;) producesatishctoryresults.This stratgy introducesa certain
minimal local smoothingof the curve but tendsto presere the globalshapeandcharacter
of thecunwe.

A smooth curve

through \I/_l ’iV’ Vi+1

V-1 Viv1
Figure 3.10 Thearclengthcriterion. Thefigure shavs a sectionof a face-pointcurve in
two dimensionsy; is to bemovedto anew location,suchthatit satisfiedwo requirements.
First, it shouldbecomeequidistantfrom its neighborsv; ; andv;y;. Second,t should
not excessiely alter the shape(or character)of the face-pointcurve. PO, P1, P2 andP3
shaw four candidatedestinatiorocations.They all satisfythefirst criterionsincethey lie on
the perpendiculabisectorof the chordjoining v;,_; andv;;1. However, POandP3do not
satisfycriterion2. POis themid pointof v;'s neighbors Moving v; to POwould smoothout
thecurve sectionexcessiely. P3is computedasednasmoothinterpolatingcurve through
thethreepoints.Moving v; to P3alsochangeahe shapeof the curve sectionexcessiely. P1
andP2aretwo viable alternatvesfor a new locationof v;. Ourimplementatiorof thearc
lengthtermchoose$?1to bethe new destinatiorfor v;. Seethetext for furtherdetails.
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We computethe arclengthforceasfollows:

tma:r
Fare(vi) = [(I Fiia | = [ Fiir ||)|m (3.15)

wheret,, ., is thelargerof F;,_; andF; ;; (in magnitude).e.

Foiy if ||Fu—1|| > ||Fu+1||
tmax - )
Fiipr [ Fiall > [ Fiaoall

If the magnitude®f the forwardandbackwardtangenthappeno be equalthearclength
forceis zero.

Using the arclength constraintwithin our surfacesnale minimum enegy iterationis
trivial: we simply addthe arc lengthforce to the variationalEuler forces. The minimum
enegy iterationthenautomaticallyensureshatthesurfacecurve hasauniformdistribution
of facepointsalongits length.

Note that a more efficient representatiofior surface curves might be onethat hasa
lower numberof samplepointsin regionsof lower surfacecurvature(anda higherconcen-
tration of face-pointan regionsof highersurfacecurvature). As explained,our solution
usesuniformly sampledcurvesthataresampledat denseenoughresolutionthattwo adja-
centface-pointsareeitheron the samefaceof the mesh,or on adjacenfaces.Therefore,
in flat areasof the surfacewe might be usingmoreface-pointgshanareactuallynecessary
to accuratelyrepresenthe surfacecurve. An adaptve representatiomight be moreeco-
nomicalwith regardto memoryusage Howeverin practicethisis notasignificantenough
saszingsto warranta non-uniformrepresentatiofor the situationswe have encounteredh
our areaf application.Furthermorea non-uniformlysampledsurfacecurve would have
to be dynamicallyupdatedwith regardto face-pointdistribution asit movedover the sur
facegeometry In contrasia uniform surfacecurve representatiors trivial to maintainand
update. For thesereasonsve have chosento usea uniform surfacecurve representation
overanon-uniform(i.e. adaptve) one.
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3.7 Speedingup the surfacesnake implementation

Theprevioussectionsuggestea straightforvardimplementatiorof the surfacesnale for-
mulation: at eachiterationstepcomputethe resultantforce on every face-pointandmove
thatface-pointo anew positiononthesurface.Continuethisiteration(whichis essentially
arelaxationprocessyntil aminimumenegy configurations reached.

While thisis areasonableelaxationstratayy, it is nota particularlyefficientonefor the
densityof our underlyingdatasets. Recallthatwe choseour face-pointcurve’s sampling
rateto be suchthattwo face-pointsvereseparate@n averageby no morethanthe width
of onepolygon. Therefore a denseunderlyingpolygonmeshwill in turn requirethatthe
face-pointcurvesbe denselysampled.The straightforvard surfacesnale implementation
on denseface-pointcurvesgivesrise to flaccid or unresponsie surfacesnalesi.e. shape
changef the snale propagateslowly. Note that this problemis distinct from the one
of maintaininga surfacesnale thatadaptso surfacecurvature. The causefor this ineffi-
cieng is easilyunderstoodvith the helpof anexample.Consideraneditingoperationsee
section3.8.1)wherea userpulls on oneendof the snale to move the endpointto a new
locationonthesurfacei.e. animpulseatoneendof thesnale. Assumingthattheendpoint
thattheuserpulls staysfixedto its new locationon thesurface ,our surfacesnale mustnow
attaina new minimumeneqgy statethroughthe snale relaxationprocessFor the snale to
reachthis statethe effect of the editingoperatiormustbe allowedto propagatehroughout
thelengthof the snale. We call this theimpulsepropagationcostfor a surfacesnale since
it measureshetime animpulseat oneendof the snale takesto propagatehroughoutits
snale.

Considerthe impulsepropagatiorcostfor a simplistic relaxationprocess.Sinceeach
minimum enegy iterationpropagateshe impulseby at most2 face-pointgthe cunature
termalffectsuptotwo neighboringface-pointsjt takesO(%) iterationsfor the effectof the
editingoperatiorto reachthe otherendof the snale. Sincethe costperrelaxationiteration
is IV, the cumulatve computationatostfor the impulseto reachthe oppositeendof the
snaleis O(N?). Notethatthis coststill doesnt measurehe numberof iterationsbeyond
theseD (IV?) stepghatareneededo reacha minimumenepy state.lt merelymeasurethe
time for animpulseat oneendof the snale to reachthe otherend. In practice several of
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theseO(N?) impulsepropagatiorstepswill beneededo achieve thefinal equilibriumstate
of the surfacesnale. However, the impulsepropagatiorcostis a reliable measureof the

computationatompleity of the snale relaxationprocesssincethe impulsepropagation
processs centralto every minimumeneqgy iteration.

It is worth noting thatin the absencef a surfaceconstraintthe impulse propagation
costcould be reducedto O(N log N) simply by usingan implicit matrix basedsolution
similarto theoneemployedby Kasset al. [Kassetal. 1988]. However, we cannotusethis
solutionstrategy becausé would meancompromisingour curve-on-suréceconstraint.

To make our surfacesnalesmorerigid andresponsie, a fasterimplementatiorof our
minimum enengy iterationis necessaryWe proposea coarse-to-fineelaxationprocedure
that works asfollows: for every face-pointon the surfacesnale we computethe forces
on thatface-pointbasedon a hierarchyof resolutionsof the surfacesnale. To betterun-
derstandhis computation]et us considerthe forward andbackwardtangentforceson the
i-th face-pointv; basedon this hierarchyof resolutionsof a surfacesnale. Figure3.11
providesanintuition for theseforces.In thefigure,resolution) is the default resolutionof
thesurfacesnale (i.e. the highestresolution).It has/V, face-pointsFor purpose®f force
computationresolutionR of thesnale has

No

NTZQ—R

face-pointdi.e. we drop every otherface-pointaswe increaseR). At resolutionR, the
force on v; dueto the face-pointon theimmediate‘left” is labeledF}* andthe force due
the neighboron the immediate‘right” of v; is labeled . Theseforcesareindicatedin
thefigurefor 3 differentresolutionsf thesnale. Theresultanforce F; onface-pointv; is
now givenby aweightedcombinationof theforcesat all theresolutionf thesnalei.e.

Fyesult = woF? 4wy B 4 wo R+ waFP + . wn M (3.16)

where
M = logy(Ny)

A similarexpressiorcanbewrittenfor theresultanforcefrom theright of v;. Theweights
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arecomputedsothatthe coarseitheresolutionof the snale, the smallerthe weightof the
forcesatthatresolution.We have usedthefollowing weightingmechanism.

Wo
=&

WR

Figure 3.11 Coarse-to-fingelaxationfor snakes. The figure shavs the forceson a face-
point v; of the snale dueto its immediateneighborsat threedifferentresolutionsof the
snale. The resultantforce dueto the “neighbors”of v; is a weightedcombinationof the
forcesat the differentresolutionsof the snale. Theseforcesare thenusedin the snale
minimum enegy relaxation. The resultingsnales are more “rigid” and responsie than
snalesproducedy a staticrelaxationprocess Seethetext for a detaileddiscussion.

The variationalEuler forceson v; arenow computedbasedon theseresultantforces.
For example thefairnessforceonv; is now givenby:

Ffair(i) — Fvlresult(i) +F:esult(z~>

The othervariationalEuler forcesarecomputedn a similar fashionto the oneabove. In
practice,this coarse-to-fin&computationis computedby simply selectingout the appro-
priate face-pointsfrom the high resolutionsnale. Thusit is not necessaryo explicitly
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computea numberof resolutionsof the snale for every singleface-pointv;. The coarse-
to-finesnale computationganthereforebeimplementecefficiently.

Let usnow considerthe computationabainsobtaineddueto our coarse-to-fineelax-
ation process.ComputingEulerianforcesin the mannershavn in equation3.16implies
thattheeffect of animpulseatany pointof the surfacesnale is immediatelypropagatedo
every otherpoint on the curve in the very first iteration. However, the costof eachforce
computationis now O(log Ny) (therearelog N, termsin equation3.16). Thereforethe
totalimpulsepropagatiorcostour coarse-to-finéerationis O(/N log N).

Thus,insteadf theO(V) iterationsof costO(/V') eachthatwererequiredo propagate
aneffectin the staticimplementatior(i.e. computationdasedon just the highestresolu-
tion), we now needonly asingleiterationof costO(N log V). Becausef this, snalesthat
useour coarse-to-finéerationstratgy achieze theirminimalenegy configuratioranorder
of magnituddasterthanfixedresolutionsnales.In practicethis speedupnakesour surface
snalesrigid andresponsie whichin turn makesthemusablen aninteractve setting.

3.8 Applications of surfacesnakes

Thelasttwo sectiongdescribedan efficientimplementatiorof our surfacesnale formula-
tion. In this sectionwe now explain how our our basesurfacesnale formulationcanbe
extendedto includeexternalenepgy constraintgi.e. E..,strqint from equation3.5) aswell
assurfacebasecdenegy constraintgi.e. I, s from equation3.5). We have implemented
two specificextensionsof our basesurface snale formulationto illustrate eachof these
kinds of constraints.The first extensionaddsuserdefinedconstraintgo the formulation
thatenablea userof our systento performeditingoperationglirectly onthesurfacecurve.
Our secondextensionenableghe userto manipulatesurfacecurvesusingarbitraryscalar
fieldsdefinedon the surface. We demonstrat¢his usingthe exampleof surfacecolor (we
useonly asinglechannebf the color) asscalarvaluesat every meshvertex.
Recallthatthesurfacesnale is essentiallya controlledcontinuity splinewhoseinternal
enegy termsarebasednacombinatiorof amembranendathin plateterm. Oursolution
stratgy corvertsthe discretizedvariationalform of the surfacesnale’s minimum enegy
equation(equation3.5) into a setof forcesactingon individual face-points.Theseforces



CHAPTER3. SURRACE CURVE FORMULATION 59

arein turn usedin aniterative procedurehat pusheghe surfacesnale into its minimum
enegy configuration.

It is straightforvard to seethatany new enegy measureshat are differentfrom the
onesour surfacesnalesalreadypossessould be addedto our solutionusingthe stratey
outlinedaborei.e.

e First,addtheenegy measureo the existing thin plateandmembranenegy terms.
e Secondderiethediscretevariationalform of the new minimumenegy equation.

e Third, computea new setof forceson individual face-pointdasedon the discrete
Eulerequations.

However, sincewe eventuallyuseaforce basedelaxationstratgy a simpleralternatve is
to bypasghefirst two stepsanddirectly derve a new setof forcesbasedon our intuitions
for theenegy measurdeingincluded.In thenext two sectionsve have employedthislast
stratgy for thetwo extensionagmentionedabore.

3.8.1 Curve editing with surfacesnakes

Surfacesnalescanbeeditedusingmechanismsimilar to thoseusedfor corventional2-D
snale editing. For exampleKasset al. [Kasset al. 1988] discussthe useof “volcanos”
(aradial vectorfield originatingat a point) to influenceedit snale behaior. Figure3.12
explains our surface snale editing paradigm. First, the useridentifiesa sectionof the
surfacecurwethatis to beedited.In oursystenthisis accomplishedby pickingaface-point
of thesurfacecurve andby specifyingasymmetricalengthof curve aroundhisface-point.
We call thepickedface-pointaneditpointof thesurfacesnale andthe symmetricakection
aroundthe edit point an edit section The edit point canbe an arbitraryfacepoint of the
surfacesnale andthelengthof the edit sectioncantake on anarbitraryvaluelimited only
by thelengthof the surfacesnale itself.

Oncetheeditpointandeditsectionhave beenidentified,theuserpulls ontheedit point
in anarbitrarydirectionin screenspace.Our systemcorvertsthis userinteractioninto a
forceontheeditpointthatis tangentiato the surfaceatthatpoint. Thisforcenow replaces
the variationalEuler forcesat the edit point. It is worth noting thatthe variationalEuler
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forcesareno longerusedto move the edit point itself. Ratherits movementis dictated
solelyby the userspecifiedforce. Thereforeif the userceaseshe applicationof theforce
attheedit point,it doesnot move from its new locationon the surface.

Let us assumehatthe userhasmoved an edit point to a new locationon the surface
usingthe editing interactiondescribedabove. As a next stepwe mustupdatethe surface
curvebasedntheuserdnput. Toaccomplishthiswe useourrelaxatiorstratgy selectvely
ontheedit section.We modify our relaxationprocessuchthatonly theface-pointof the
edit section,with the exceptionof the edit point itself, aremoved. Therefore duringthe
minimum enepgy iteration, the two end points of the sectionare fixed to their original
positionson the surfacewhile the edit point is fixed to its userspecifiedlocationon the
surface. This stratgy producesa smoothinterpolationon the surfaceof the edit pointand
the end points of the section. Exceptfor the edit section,the restof the surfacecurve
is not modified by this editing operation. Therefore,in a global senseour surfacecurve
no longer satisfiesour minimum enegy criteria. However, the edit sectionitself attains
a smoothminimum enegy configurationunderthe constraintghatits two endpointsand
the edit point are at fixed locations. As before,the usercan vary the relative weights
of the curvatureandfairnesstermsto modify the shapeof the editedcurve section(see
section3.6.2).

The curve editing operationdescribedabore two main advantagesover the spacecurve
baseckditingparadignthatwe describedn section3.3:

¢ It is moreintuitiveto usesincetheuserdirectly manipulateshesurfacecurvesrather
thanthroughanindirectmechanisnsuchasthe manipulationof control verticesof
anassociated-splinespacecurve.

e It is morerobustto abruptchangedn surfacecurvature. As explainedearlier if
the spacecurwve that is being usedfor editing purposesdoesnot have a plausible
projectionon the surface(e.g. at high cunvatureregions of the surface)the space
curve editingparadigmis proneto non-rolustbehaior.

Surfacesnale editingoffersanothemotableadvantageover spacecurve editing: theability
to usesurfacepropertiedor curve editing purposesThis would bedifficult to accomplish
with a spacecurve basedediting approach.We discussthis in the next section. Despite
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Figure 3.12 Surfacesnale basedcune editing. The figure shavs the interactionthat we
have providedfor surfacesnale basedturve editing. A usemicksaneditpointonthesurface
cune (shavn asa solid circle) andan edit sectionaroundthat point (shavn darler thanthe
restof the curwe). The edit point canbe ary arbitraryface-pointof the surfacecurve. The
userperformsan editing operationby pulling on the edit pointin anarbitrarydirection(in
screenspace).This interactionis modeledasa force on the edit point thatis tangentialto
the surfaceat that point. This force is thenusedin conjunctionwith our variationalEuler
forcesin the surfacesnale relaxationprocessTheresultof this relaxationprocesgroduces
our editedresult. Oneexampleof aneditedsurfacesnale is shavn in thefigureontheright.
Notethattheedit sectionstayssmoothlyattachedo therestof thecurwei.e. it maintainsC!
continuityattheboundarie®f the edit section.It is worth notingthatextremedeformations
of the edit sectioncangenerate sharplooking corneratthe boundarie®f the section.This
is becauseur surface-cure representatios discrete. As suchif the samplingdensityis
insufiicient, high cunatureregionsof the curve canappearsharpi.e. asC'! discontinuities.
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the pitfalls associateavith spacecurve editing, the approachdoeshave someadwantages.
For exampleit is afamiliar editing paradigm(seesection3.3). Furthermorethe problems
with spacecurve basedediting approachmay be partially alleviated whenit is usedin
conjuctionwith the surfacesnale formulation. Thereforejn our systemwe have provided
the userwith both surfacesnale basedediting tools aswell asspacecurve basedediting
tools. The usercanchooseto useeitheroneof thesetools (or a combinationthereof)to
manipulatea patchboundarycurve. Someexamplesof the editingtechnique®xplainedin
this sectionaredemonstrated figure 3.13.

3.8.2 Usingsurfacecolor for curve editing

In this sectionwe proposeatool for surfacesnale color attraction Usingthistool asurface
snale canbemadeto conformto ashapedefinedby thecolorinformationontheunderlying
polygonalmeshvertices. Kasset al. [Kasset al. 1988] demonstrateaimilar tools for 2-D
snalesonimages.In our discussionsve will treatcolor asa scalarentity. Corvertingan
(r, g, b) colorvalueto ascalarcanbeaccomplisheéh astraightforvardway by eitherusing
asinglecolor channebr by computingthe magnitudeof thecolorvector As such,ourtool
may be usedwith trivial modificationsfor arbitraryscalarfields definedon the polygonal
surface(e.g. Gaussiarcunature).

This tool hasseveral usefulapplications. Consideran input polygonalmeshcreated
by scanningin a physicalobjecton which the intendedpatchboundariesare physically
paintedonit. Ourinputin this casewould be a densepolygonalmeshwith anadditional
pervertex color. In thissituationour color attractiontool allows a userto preciselyposition
the patchboundarycurvesbasedon surfacecolor. Anotherapplicationof this tool is for
creatingsurfacecurvesthatfollow in crease®r folds (i.e. highly curved regions)of the
polygonalmesh.In this case Gaussiarturvature(beinga scalarvalue)maybe substituted
for colorin the color attractiontool. Thetool couldthenbe usedto automaticallyattract
boundarycurvesinto therequiredcreasesindfolds onthe surface.

As before,our methodfor implementingthe color attractiontool worksin two steps:
first, wederiveanew setof color attractionforces(ontheindividualface-point®f asurface
curwe) thatcaptureour intuitionsfor adesirablaninimumenegy solution.Secondwe use
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Figure 3.13 This figuresshaws a sequencef stepsin paintingand editing a surfacecurve on the polygonalmesh
of awolf’s head. In eachof theimagesthe white curve shaws the surfacecure beingedited. (a) shavs the crudeinitial
cune paintedby the user (b) shavs the resultsof a minor smoothingoperationthatsmoothshe curve without changingits
characterThisresultis obtainedby usingjusttheinternalenegy surfacesnale terms.(c) through(e) shav spacecurve based
editingandsomeproblemsassociateavith the paradigm.A B-splinecune thatwasfit to the surfacecune is usedto move a
sectionof the surfacecurve from the positionin (c) through(d). The controlmeshfor this curve is shavn asa greenpolyline
with control pointsshavn aswhite crosses.Theyellow curve shavs the positionof the spacecure. As the splinecurwe is
manipulatedn spaceijt dragsthe surfacecurve with it. Notethatthe editedsurfacecurve shavn in (d) appeardo “wiggle”.
Thereasorfor this becomespparentn image(e): the userhasmovedthe spacecune (i.e. its control points)far away from
thesurface.As aresultspacecure projectionis nolongerrobust. (f) through(j) shov asequencef surfacesnale editsthat
achieve thefinal resultin (k). Notethatsnale basededitingdoesnot suffer from thelimitations of spacecurve basedediting.
The edit sectionsareshavn in greenandthe edit pointis shavn asa setof coloredarrons. Noticethatthe usercanchoose
arbitraryedit pointson the curve, andarbitrarylengthsfor the edit section. The paintingandediting operationsshovn here
wereall performedat interactve speedsThis modelwassuppliedby IndustrialLight andMagic.

63
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thesesetof forcesin conjuctionwith existing minimumenegy forcesin our surfacesnale
relaxationalgorithm.

In accordancevith this two-stepapproachlet usfirst focuson the computatiorof the
color attractionforces. Sincewe would like our surfacesnalesto conformto underlying
surfacecolor, areasonablatrategy for computingtheseforcesmight beto attractindivid-
ual face-pointdo ary nearbymeshvertex with a non-zerocolor value on the polygonal
surface. Unfortunately this straightforvard approactproducesunstableminimumenepgy
configurationsThereasongor this non-rolustbehaior aretwo-fold. First,themagnitude
of surfacecolor tendsto vary irregularly over the surface. A coloredsectionof the polyg-
onalmeshthatwe areattractingour snale to is typically a ribbon (of coloredvertices)of
irregularwidth ratherthana well defined thin, smoothribbon of color. Secondsincethe
colordatais definedonly at meshverticestheboundaryof a coloredregiontendsto posses
a‘“jagged” outline.

A bettersolutionis to derive aforce basedn the color gradient. The magnitudeof the
color gradientestablisheshe edge(or boundary)of a paintedsectionof the meshwhile
thedirectionof the color gradientis usedto propelthe surfacecurve into the smoothzero
gradientinterior of the coloredregion. We definethe gradientforce asthe force at an
arbitrary face-pointdueto the surfacecolor gradient. Figure 3.14 explainsthe gradient
force computationfor irregular polygonalsurfacesfor a vertex p, with color magnitude
So. Letthe M verticesconnectedo p, belabeledasp; throughp,, with color magnitudes
S; throughS,, respectiely. We computethe color gradientat pg as:

M

€y = z:l(sz — So)(Pi — Po) (3.17)
We computeandstorethis gradientat eachof the meshvertices.At anarbitraryface-point
the gradientforceis givenby aninterpolationof the gradientsat the verticesof thatface,
basedon the barycentriccoordinatef the face-point. This gradientforce now becomes
the color attractionforce on thatparticularface-point.
Figure3.15providesanintuition for how our computectcolor attractionforcesareused
in the surfacesnale relaxationstratgy. At eachface-pointof the surfacecurve, we add
to the variationalEulerianforcesan additionalforce dueto color attraction. This forceis
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Figure 3.14 Computationof the color gradientat a vertex. SO throughS5 representhe
color magnitudest theverticesshawvn. We computethe color gradientasa weightedcom-
binationof vectorscorrespondingo outward pointingedgesrom thevertex to all its neigh-
bors.Weightsareassignedasedn thedifferencesn themagnitude®f scalarvaluesatthe
vertices.Seeequation3.17andthetext for furtherdetails.

computedasthe componenbf the gradientforce at thatface-pointhatis in the direction
of thenormal(onthesurface)to thecurvei.e. we do notusethecomponenof thegradient
forcethatis tangentiato thecurve atthatface-point.Thisis becaus¢hetangentiacompo-
nentof thegradientforce canonly causea redistritution of face-pointsalongthelengthof
thecurve. Recallthatthedistribution of our face-pointsaalongthe surfacecurwve is already
addressedtby the arc lengthcriterion. Therefore,including an additionaltangentialforce
at eachface-pointof the surfacecurve will interferewith the arclengthcriterion. Thisis
undesirablesinceit cancausea bunchingup of face-pointsalongsectionsof the surface
snale. For this reasonwe excludethe tangentialcomponento the curve (on the surface)
of thegradientforcefrom our color attractionforce computation.

The resultantforce on a particularface-pointv; of the surfacesnale is given by a
weightedcombinationof the color attractionforceandthevariationalEulerforces.

Fresult (Z) = KinternalFmternal@) + Kcolocholor (Z) (318)

By varyingtherelatve weightsof thesetermsa usercandeterminenow closelythesurface
snalefollowssurfacecolorinformation.A higherrelatve valueof K., makesthesurface
snale conformmorecloselyto surfacecolor (attheexpenseof internalenegy). Thissetting
is appropriatdor caseswvherethe suppliedcolor informationis preciseandwell defined.
Ontheotherhandif thesuppliedcolorinformationis noisyorirregular, alower K., value
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Figure 3.15 Usingthe color attractionforce during surfacesnale relaxation. The figure
shaws the computationof the color attractionforce at an arbitraryface-point(shavn asa
solid circle) of a surfacecune. First we computethe gradientforce e+ at the face-
point. Secondwe extractthe componenof this gradientforce thatis normalto the surface
cune (andtangentialto the surfaceitself) at the face-point. Therefore,if the normal(on
the surface)to the cunwe is given by N, the color attractionforceis given by (e, esuit -
Newrv)Newro- This forceis now usedin conjunctionwith the variational Euler forcesto
move the surfacecune to its minimumenegy location.

is preferable.This weightingensureghatthe snale is only roughly guidedby the noisy
surfacecolorinformation. Someresultsof the technique®f this sectionaredemonstrated
in figure3.16.

3.9 Summary

Curwe editing operationssuchas the onesexplainedin the last sectiondemonstratehe
flexibility of our surface snale formulation. First, sincetools basedon surface snales
operatedirectly on the surfacecurwve (ratherthanindirectly througha spacecurwe) they
aremoreintuitive to usethantools basedon spacecurves. Secondthey aremorerobust
to abruptchangesn surfacecurvature. Finally, our surfacesnale formulationallows the
effective useof surfacepropertiessuchasvertex color to assistin the curve paintingand
editing process.Suchoperationsvould not have beenpossibleto duplicateusingspace
curve baseckditing.

Our curve painting and editing tools (i.e. both spacecurve and surfacesnale based
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Figure 3.16 (a) through(f) demonstrateolor attractionof a surfacecurve (a featurecurve) dravn on thewolf’s head.
For this particularexample theyellow bandof colorwaspaintedin by auser In generalthis color couldhave comefrom an
arbitrarysourcee.g.asinputfrom alaserscannethatcapturesolor aswell asdepthdata.Notethatin this particularcasethe
curve couldhave beenpaintedin directly by theuser However, we areusingthis examplemerelyto demonstrat¢he concept
of color attraction. The userspecifiesa crudeinitial surfacecurve shavn in green.The surfacecolor thenattractsthis crude
surfacecurve sothatit passesmoothlythroughtheirregularly paintedsurface. Thefinal locationof the curve is shavn in (f).
Two intermediatdocationsof the surfacecurve duringthecolor attractionprocessareshavn in (c) and(e). (b) shavs adetail
of aregion of the surfacecune. The magnitudeanddirectionof the color attractionforcefield areshavn asbluearraws. (d)
shaws a furthermagnificatiorof partof theimagein (b). Thisimageshawvs thegradienffield onthe surfacedueto thesurface
colorin theform of redtippedarrovs. Thevectorsareselectvely displayedat meshvertices.The color attractionforcefield
is computedbasedon this gradientfield. Note thatthefinal surfacecure in (f) passesmoothlythroughthe interior of the
coloredregion.

67
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Fig ure 3.17. TheArmadillo (shawn in (a)) hasabout200 surfacecurvesand 104 patches As notedeatrlierit hasabout
350,000polygons. The curve placementand editing of this curve settook about2 hours. Most of this time was spentin
interactve operationgatherthancomputation.(b) shavs a polygonalmeshof an actionfigure called Bofar (Bofar appears
herecourtesyof Domi Piturro of SynthesisStudio, SanFransisco).The Bofar meshhasabout450,000polygons. It has12
patchesand 33 boundarycurnes. In additioneachpatchhasone or morefeaturecurves (shavn in purple)thatwereadded
to it. Thesepatchesandboundarycurveswere carefully placedto allow for subsequenanimation. Onceagain,the curve
specificationprocesgook about2 hourswith the bulk of thattime beingspenton preciselytuningthe final location of the
surfacecunes. As aninterestingasidenotethateventhoughBofar is lessdetailedthanthe Armadillo it hasmorepolygons
becausét wasscannedn from an 18 inch clay mold at 1 mm resolution. The Armadillo wasonly about6 incheshigh and
wasscannedn atabout0.2 mmresolution.
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tools) allow a userto efficiently specifycomplex curveson densepolygonalmeshesFig-
ure 3.17shavs anexampleof two complex modelswith a completesetof patchboundary
andfeaturecurvesspecifiedonthe modelusingthetechnique®f this chapter



Chapter 4

Parametric surfaceapproximation: an
Intr oduction

We approximateour densepolygonalmesheswith a network of tensorproductB-spline
surface patchesand associatedlisplacementmaps. Eachregion of the polygonalmesh
thatmustbeapproximatedy our hybrid surfacerepresentatiors boundedy a setof four
boundarycurves. Thesecurveslie on the polygonalsurface,but they neednot align with
theverticesandedgesof the mesh.We call eachsuchfour-sidedsectionof the polygonal
mesha polygonalpatch. As explainedearlier the placemenof the boundarief these
B-spline surface patchesis part of the creatve processand is not easily automatable.
Thereforejn thefirst stepof ourapproximatiorprocessheuserprovidesasetof boundary
curvesasaninput. Thesecurvesarespecifiedusingthe curve paintingtools explainedin
the previous chapter Our surfaceapproximationproblemnow reduceso the following
simplerproblem:

Given a polygonalpatch,find a combinationof uniform tensorproductB-spline surface
anddisplacementapthatbestapproximateshis polygonalpatch.

Recallfrom chapterl that our proposedsurfacefitting solutionis a two-stepprocess
thatfirst createsa springmeshfor eachpolygonalpatchandthenfits the B-splinesurface
anddisplacemeninapto the springmesh.In this chaptey we examinethe characteristics
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that govern our approximationproblemand explain our reasondor using this two-step
fitting stratey.

We beggin by examining the problemparametersn a generalsurface approximation
problem(sectiord.1). Then,in sectiond.2 we examinethe characteristicshatgovernour
specificapproximationproblem. Basedon thesecharacteristicsve thenidentify several
featuresof a desirablesolutionto our approximationproblem. In section4.3 we discuss
fitting strat@iesfor two closelyrelatedapproximatiorproblemsandexplain why eachof
thesestratgiesis inadequatdor our purposes. This discussiomrmotivatesour two step
approximationstratey of first generatinga springmeshand secondfitting to this spring
mesh.Finally in sectiord.4we outline our new fitting stratey.

4.1 Surfaceapproximation in a generalsetting

It is instructve to place our problemin the contet of a more generalsurface ap-
proximation problem. The generalproblemof surface approximationin %2 is simply
statedSchumaler 1979]:

SupposeF is a real valued function definedon R®* and we are given the values
F; = F(P,) of F atsomesetof (data)points P; in ®3, : = 1,2,...,n. Find a fitting
function F;; definedon ®* which reasonablyapproximateg.

As canbeinferredfrom the broadscopeof this problemstatementthereis no single
definitive stratgy for the generalapproximationproblem. Rathey the statementanbe
viewed asa generaltemplatefor definingand classifyingspecificsurfaceapproximation
problems(andsolutions). Onecanidentify threecharacteristicin the problemstatement
that mustfirst be well definedto createan instanceof the generalproblem. Theseareas
follows:

1. Characteristic®f the input data(e.g. input datatopology statisticalpropertiesof
noisein thedataetc.)

2. Thechoiceof asmoothsurfaceprimitive for thefitting function £';;.
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3. Characteristicsf thefit (e.g.shouldthefit interpolateor approximatehe data,how
shouldwe measurehe quality of thefit etc.)

Thefield of approximatiortheoryis populatedwith a variety of instantiationsof the sur

face approximationproblem(in a diversesetof domains). In general,for ary surface
approximatiorproblemit is importantto carefully examinethe specificproblemparame-
tersin eachof the threecatayoriesabove beforearriving at an appropriatesolutionstrat-
egy. For a fairly exhaustve surwey of this field seeNielsons [Nielson 1993], Schu-
machers [Schumaler 1979] and Franke and Schumaches [Franke & Schumakr 1986]
surweys on the subject. Seealsoour classificationof otherrelevant problemdomainsin

chapter2. In thefollowing discussionwe develop only thoseinsightsfrom this field that
applyto our specificapproximatiorproblem.

4.2 Characteristics of our surfacefitting problem

Let us examineour surfaceapproximatiorproblemin thelight of the eachof the charac-
teristicslistedabove. We begin by consideringheinput datacharacteristics.

4.2.1 Characteristicsof the input data

Note thatwhile our polygonalmeshesave arbitrarytopology eachindividual polygonal
patchis itself u-v parameterizablee. it is somearbitrarymanifold deformationof a four
sidedplanarsurface. We do not make ary otherassumptionsboutthe topology or the
geometryof a polygonalpatch. In particular polygonalpatchesare not restrictedto be
heightfields.

Froma statisticalperspectie, the polygonalmesheshatareinputto our surfacefitting
systenrepresenanoptimalreconstructiorfrom asetof laserscannedangemagesundera
certainsetof well-foundedassumptionsuchasGaussiarstatisticfor thenoisein thelaser
scannedlata(see [Curless& Levoy 1996]for furtherdetails). We arethereforeapproxi-
matingnotjusttheraw (potentiallynoisy)databut anaggr@atedsurfacerepresentatioof
it. Thishasatwo significantimplicationsfor our surfacefitting system First, thereis noth-
ing sacrosancaboutour meshverticessincethey do not necessarilfhemselesrepresent
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theoriginal scannedlatapointsi.e. we neednotinterpolatethem.

Secondalthoughwe donotfeelcompelledo interpolateheverticesin ourinputmesh,
neitherdo we feel justified in excessvely smoothingor fairing the surfacewe fit to it.
Several surfaceapproximationschemegEck & Hoppel996,Sinha& Seneiratne 1993]
add smoothing(or regularizing [T. Poggio& Koch 1985]) termssuchasthe thin plate
spline [Terzopoulosl988] during the surfacefitting process. Suchsmoothingtermsare
relevantonly in the context of fitting to sparsedatawherethe approximationproblemis
underspecifiedor ill posedT. Poggio& Koch1985])or in the contet of fitting to noisy
input datawheresmoothings appropriate Our input meshesare neithersparsenor noisy
andthereforeary desirablesolutionto our fitting problemshouldavoid smoothingout the
approximating-splinesurfacesusingregularizingterms.

An obvious but often overlooked characteristicof our input datais that polygonal
patchesarecomposedf a setof connectegolygonalfacetsratherthanjust a setof scat-
tereddatapoints. As will be demonstrateth the following chaptersye canusethis con-
nectvity information(andassociatedopologicalstructure)to our advantageallowing us
to producesuperiorsurfaceapproximationsBy contrastseveralcommerciakystemgIm-
agevares Surfacer[Sinha& Seneiratne1993],CDI’'s SurfaceDesign,DelCAM’s Copy-
CAD) andresearclsystemgMilroy etal. 1995]work exclusively with pointclouds.When
presenteavith polygonalmeshesuchsystemshoosedo discardthe connectvity informa-
tion offeredby the polygonalmeshandcorvert theinput onceagainto point clouds. This
stratgy canproduceincorrectresults. Figure4.1 demonstratethis with a simple exam-
ple. Thereareotherseriousobjectionsto corvertingour polygonalmeshfitting problem
to a point cloudfitting problem. Theseincludea lossin the efficiengy and robustnesof
thefitting procedureaswell asalossin the quality of thefitted surface. We discusghese
dravbacksin section4.3.1wherewe discusgoint cloudfitting in greaterdetail.

4.2.2 The choiceof surfaceprimiti ve for the fitting function

Thesecondf thethreecharacteristicenumerateth sectiord.1is the choiceof asmooth
surfacerepresentatioffior the fitting function ;. Our choiceof smoothsurfacerepre-
sentations alreadyspecified;t is a combinationof a tensorproductB-splinesurfaceand
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Discard . *
Connectivity .
—_—>
[ J
° [ ]
Fit polygon mest Fit point clouti
(a) (b)

Figure 4.1 Discardingconnectiity informationbeforefitting to the polygonalmeshcan
resultin incorrectfits. (a) shawvs a polyline thatis fit with a smoothcune. (b) shavs a
similarfit to theinput dataafterthe connectiity informationhasbeendiscardedNotethat
the fitted curwe is differentin the two cases.The resultproducedby point cloudfitting is
clearlyincorrectin this casesinceit violatesthe connectiity of the original dataset. For
surfacesin threespacepoint cloudfitting canproducesurfacefits thatviolate the topology

of theinputdataset.
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displacemeninap. Our reasongor choosingthis hybrid representatiomerediscussedn
chapterl. Briefly, the uniform tensorproductB-splinesurfacewaschoseno capturethe
coarsegeometryof our polygonalpatch while thedisplacementapwaschoserto capture
fine surfacedetail. It is worth noting that our B-spline surfacerepresentatiois one spe-
cific choiceof a parametricsurface;our generalpproachs extensibleto otherparametric
surfaceqsuchasBezierf NURBS, Catmull-RomH-splinesetc.).

Givenourhybridrepresentatiomgneobviousquestions: how dowe decidethesepara-
tion betweerthe extentof geometryrepresentedly the splinesurfaceandthatrepresented
by thedisplacementnap?Sinceour goalwasto build aninteractve surfacefitting system,
we leave this decisionto theuser In our approachthe userhasfull controloverthereso-
lution of the B-splinesurfaceto befit to thegeometry Thedisplacementnapis calculated
to automaticallycapturethe residualgeometrythatwasnot capturedoy fitting the smooth
B-spline. This providesthe userwith a lot of flexibility andfor the applicationareaswe
have explored (mainly in entertainment)it is perceved by usersasone of the principal
advantageof our approach.In orderto successfullymplementthis stratgy our fitting
mustsatisfyseveralcriteria.

First,if theuseris to make ainformeddecisionabouttheresolutionof B-splinesurface,
thefitting processhouldbefastenoughto beusedn aninteractve setting.Only thiswould
enablegheuserto convenientlyexperimentwith anumberof resolutionof B-splinesurface
beforesettlingon a particularresolution.

Secondwe would like to computethe bestpossibleB-splinesurfaceapproximatiorto
theunderlyingpolygonalsurfacegivenafixednumberof controlvertices.Thisis because,
in our systentheusermaychooséo createanextremelyhighresolutionsplinesurfacethat
completelycapturesall the surfacedetail. Thereforeour surfacefitting algorithmsshould
becapableof capturingthis surfacedetailentirelywithin thesplinesurfaceif required.lt is
worth notingthatour smoothsurfacerepresentatione. a B-splinesurfacewith a uniform
knotspacings intrinsicallyincapableof capturingcertainkindsof surfacedetaillik e sharp
cornersandedges.Thesemustinevitably be capturedoy the displacemeninap.
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4.2.3 Characteristicsof the fit

Therearetwo importantcharacteristicof ary fit that mustbe specifiedbeforewe may
choosgor devise)afitting algorithm. Thefirst of theseas theissueof how closelythefitting
functionapproximateshe input data. If thefitted functionis constrainedo passthrough
thedatapoints,it is aninterpolatingfunction;otherwisat is anapproximatingunction. As
explainedin section4.2.1,we areinterestedn a surfaceapproximatiorto the polygonal
meshsurfaceratherthanjust the meshvertices. Therefore,an interpolatingfunction in
our context would be onethatinterpolatedhe polygonalmeshsurfaceratherthanjust the
meshvertices. The densityof our input datamakesthis animpracticalobjectve sinceit
could potentiallyrequirea very high numberof control verticesto exactly interpolatethe
meshsurface.However, we arestill interestedn a high quality approximatiorto the mesh
surfaceitself.

Thesecondtharacteristicsf ourfit thatmustbespecifieds whatit meandor asmooth
surface (or B-spline and displacemenmap)to be a “high quality approximation”to the
polygonalmeshsurface(i.e. in amathematicatense)Onemethodof measuringhequal-
ity of anapproximatingsmoothsurfaceis to examinethe errorof fit. Usingthis method,a
lower errorof fit would imply a higherquality surfaceapproximation However this quan-
tification of surfacequality doesnotnecessarilgnsuredesirableesults.As hasbeennoted
in the geometridnterpolationliterature[Lounsberyet al. 1992, Halsteadet al. 1993]it is
possibleto generateeroerror of fit surfaces(i.e. interpolatingsurfaces)hatdisplay“un-
fair” characteristicgi.e. thefitted surfacestendto shavn unsightlybumpsandwiggles).
Thusfor two fits of equalerror, onemightbe preferableo the otherbecausét is fairer

Furthermorea uniquepropertyof parametricsurfacefits is thateven giventwo fits of
equalerrorandfairnesspnemightbe preferabldo theotherbecausdé hasabetterparam-
eterization.e. afair surfacefit couldstill possesanunsatiséctoryparameterizationlThus
a high quality approximationn our context is onethatpossessea low error of fit (in the
senseadescribedabove), is geometricallyfair andthathasa high quality parameterization.
We quantifythe notionof whatit meandor a parameterizatioto be of a “high quality” in
chapterb.
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4.2.4 The defining featuresof our solution strategy

Basedon the preceedingliscussion|et us summarizea setof defining(or desirable¥ea-
turesof our solutionstratayy.

1.

Our input polygonalpatcheshave no topologicalor shapeconstraintsother than

that they are u-v parameterizablei.e. eachpolygonalpatchis anarbitrarymanifold
deformationof a four sidedplanarsurface. No furtherassumptiongsre madeabout
patchtopologyor geometryIn particular patchesrenotrequiredio beheightfields.

. The control vertex resolutionof the B-spline surfaceis chosenby the user. Our

fitting stratgy shouldcreatethe “best possible”B-spline surfaceapproximationat

this userspecifiedresolution. The remaininggeometryis capturedn the displace-
mentmap.We would lik e thisfitting procedureo work atinteractve speedso allow

theuserto easilyexperimentwith multiple resolutionf B-splinesurface(andhence
displacemeninap).

. It should be possibleto capture all the geometryin the B-spline surface with-

out smoothing As explainedearlierthe usermight chooseto capturethe entire
geometryof a polygonalpatchwith justthe B-splineapproximationratherthanuse
a displacemenmap). If smoothingterms(suchas membraneor thin plateterms)
areintroducedhesewill likely produceoverly smoothedpproximationshatcannot
captureall thegeometryin the B-splinesurface.

. The combination of B-spline surface and displacementmap needonly approxi-

mate the meshsurface,rather than interpolate the meshvertices As explained
in the preceedingectionspur polygonalmeshrepresentanaggreatedsurfacerep-
resentatiorof the raw dataand our meshverticesdo not necessarilyepresenthe
original scannedlatapoints. We arethusinterestedn a high quality approximation
to the polygonalmeshsurfaceratherthanjustthe meshvertices.

. The meshconnectvity should be usedto assistthe surfacefitting process This

is importantto note becausdraditionalfitting solutionsoften discardconnectvity
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therebycorverting the problemto one of point cloud fitting. As explainedin sec-
tion 4.2.1thisapproacltancompromiseorrectnesspbustnessefficiency andqual-
ity of fit.

4.3 Parametric surface fitting: two traditional formula-
tions

Our surfacefitting stratgy is motivatedin partby the solutionsto two traditionalapprox-
imation problemsthat are closely relatedto ours: B-spline approximationgo irregular
point cloudsand B-splineapproximationgo organizedor griddeddata. Theseproblems
andtheir solutionsprovide usefulinsightsinto possiblestrategjiesfor solvingour approxi-
mationproblem.In thefollowing discussiorwe will assumeiniformcubic(order4) tensor
productB-splinesurfacesbut the formulationwill hold for otherkinds of parametricsur

facesaswell.

4.3.1 Fitting to point cloudsin %3

Althoughwe do not proposeio employ fitting to unorganizedpoint clouds,a brief consid-
erationof this problemprovidesusefulinsightsinto our own fitting problem. In general,
parametriccurve andsurfacefitting to point cloud datacanbe formulatedasa non-linear
leastsquaregroblem[Dierckx 1993,Rogers& Fog 1989]. The equationfor a B-spline
surfaceF(u, v) canbewrittenas:

= Zi: ZiL: ;6 Bj (1) Bi(v) (4.1)

whereu andv areparametewaluesin thetwo parametriairectionsof the surface, X, ;’s
arecontrolpoints(in %*) of the B-splinesurfaceand B; and B,, arefourth order end-point
interpolatingB-splinebasisfunctions.This equatiorassociatea point P(z, y, z) in ? for
eachpoint (u, v) in parametespaced.e.

F(uv ’U) = P(xu,va yu,va Zu,v)
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TheB-splinebasisfunctionsB; have beerwell studiedn theliterature.We referthereader
to thebooksby Bartelsetal. [Bartelsetal. 1987]andFarin [Farin 1990]for furtherdetails
onthemathematicahndcomputationatletailsassociatedith usingtheseandothersimilar
parametridbasisfunctions. In our formulationabove, the control verticesof the B-spline
surfacecompletelydeterminethe shapeof the surface. Thusfinding a B-spline surface
approximationof a fixed resolutioncorrespondso finding the appropriatesetof control
vertices.

Now let {P;(x,y,2)|i = 1...L} beapointcloud(i.e. asetof pointswith no connec-
tivity information)in %3 to which a B-splinesurfaceof fixed resolutionmustbefit. Given
the desiredfinal resolution(m by n) of the B-spline surface,the fitting problemis: find
the control verticesX; ; suchthat the resultingB-spline surfacerepresents reasonable
approximatiorto the datapoints.

To accomplistthis fit we mustassociate point (u;, v;) in parametespaceo eachdata
pointP;. Thisassociation¢alleda parameterizatioof thedata,is notgivento usinitially.
Let us assumefor the momentthat we are given a parameterizatioof the data. From
equatiord.1we canthenwrite, for eachdatapoint P;:

m—1n—1

=0 k=0
Theright handsideof this equationis linearin theunknavn X .’s. Thuswe get L linear
equationsn thecontrolpointsX; , (onefor eachdatapoint). Writing thesdinearequations
in matrixform:

Py || Bolwo)Bu(wo)  Bi(uo)Ba(vo) Bp(uo)Bu(vo) | | X.(0) |
P1 _ BQ(Ul)Bn(Ul) Bl(U1>Bn(U1) Bm(U1>Bn(U1) Xn(l)
i PL | i B()(UL)BN(UL) Bl(uL)Bn(vL) ce Bm(UL>Bn(UL) 11 Xn(m) |
where

Bn(vz) = [BQ(Ui>Bl(Ui) Ce Bn(vz)]
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and
Xn(l) = [Xi,OXi,l e Xi,n}

Re-writingtheabove equationin amorecompactorm:
Pvec = an,L(ua U)Xuec (43)

In this equationthedimensionof thematricesareasfollows: P,.. hasdimensiond. x 1,
B, (1, v) hasdimensionsL x mn andX,.. hasdimensionsnn x 1. In a surfaceap-
proximationproblem,the numberof datapoints L is usuallyfar in excessof the number
of controlverticesmn beingusedto specifythe splinesurface. Theseequationgherefore
represenanover-constrainedsince > mn) linearsystemwherethe X; ; areunknowns.
Assumingthematrix B,,,,, 1.(u, v) is well conditionedthis setof equationss easilysolved
usinga corventionalleastsquaresnethod[Lawson& Hansonl974].If L ~ mn (i.e. the
solutionis underconstrainedpr the input datais not evenly distributedamongparameter
valuesthenthe matrix B,,,,, .(u, v) will usuallynotbe invertible or will produceunstable
results.Approximationproblemghatarecharacterizetdy eitherof theseconditionsareill-
posedoroblems.In suchcasest is usuallynecessaryo addanadditionalregularizationor
smoothingunctionto thefitting equatiorto make the problemwell posedDierckx 1993].

The above discussionshows that given an accurateparameterizationf the dataset,
solvingtheB-splineapproximationis relatively straightforvard. However, we arenotgiven
this parameterizationThereforein equatiord.3 boththew, v valuesfor eachdatapointas
well asthe controlverticesareunknovns. Furthermoresinceour B-splinebasisfunctions
arenon-linear(actually: cubic) the equationghat comprisethe over-constrainedlinear”
systemabove arein factnotlinear Notethatany non-constanparametridbasisfunction
would make our problemanon-linearone.

Thereforehegenerabroblemof parametrisurfacefitting is anon-lineaeastsquares
problem. To solve this problemwe mustfind both a parameterizatiowof the datasetas
well asthe bestpossiblesetof control verticesthat approximatethe datasetgiven this
parameterization.

A typicalmethodof solvingthis problemusesaniterative optimizationstratgy [Milro y
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et al. 1995, Rogers& Fog 1989]. An outline of this fitting stratgy is shavn in fig-

ure4.2. Theoptimizationprocedurebegins by guessinganinitial setof parameteralues
for the datapoints. Giventhis parameterizatiorgquationd.3 is solvedfor afirst (usually
crude)B-splineapproximatiorto the data. This B-splineapproximations thenusedto re-

parameterizéhe dataandequatiord.3is thensolvedagainwith there-parameterizedata.
Re-parameterizatioof eachdatapointis accomplishedby a searchin parametespacefor

apointontheintermediatéB-splinesurfacethatis closesto thedatapoint. Themotivation
for re-parameterizatioandre-fitting is to improve theinitial crudeparameterizationThe
optimizationstratgy iteratesn thismannebetweerthe parameterefinemenstepandthe
fitting stepuntil somefitting tolerancas achieved.

Thereareseveralimportantaspectdo noteaboutthis iterative fitting procedure First,
the corvergenceof the iteration (and hencethe quality of the fitted B-spline surface)is
stronglydependanbn theinitial parametewalues.A crudeinitial parameterizatiomvari-
ably resultsin theiterationfalling into local minimaor, in theworstcase aniterationthat
doesnot corverge. Thisin turn resultsin poorquality B-splineapproximationsThis loss
in quality of fit manifeststself asunsightlybumpsandwigglesin theapproximatingpline
surface[Hoschek& Lasserl993,Ma & Kruth 1995]. Surfacesthatexhibit theseartifacts
aresaidto be“un-fair” surfaces.To preventtheseunsightlyartifacts,researchersftenadd
regularizationfunctionalsto thefitting procedurgTerzopoulos986,Eck & Hoppel996].
Theseregularizationtermsaretypically variantsof thin plateor membranesplinesandal-
leviate thefitting problemsby smoothingout the approximatingsurface. While the useof
theseregularizing(smoothingermsmightbe appropriaten the context of approximating
sparseor noisydata,includingthemaspartof our fitting problemwould sacrificesurface
detail and thereforethe quality of fit. Our input datais denseand of a high quality (in
the sensadiscussedn section4.2.1). Therefore,usingregularizingtermsin the manner
describechbove would only sene to cover up (i.e. smoothout) the fundamentaproblems
createdby a crudeparameterizationf the input data. We would preferto not introduce
thesesmoothingermsto our surfacefit.

A secondnotavorthy aspectof this fitting procedures the time complity of each
iterative step. At eachstep,we mustfirst solve the linear leastsquaregroblemfor an
intermediateapproximatiorandsecondrve mustrefinethe parameteraluesbasedon this
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Figure 4.2 A traditionalsolutionto the problemof surfacefitting to point clouddata. The
first stepis to createaninitial parameterizatioof the datapoints. This is usuallyaccom-
plishedthrough manualtechniquegseethe text for details)and producesa crudeinitial

parameterizatioof thedataset. This parameterizatiors usedin the surfacefitting step(i.e.

thelinearleastsquaregproblemof equatior4.3) to obtaina surfaceapproximation.If this
approximatiommeetsghefitting criterion(whichis usuallybasecbn theresidualerror of fit)

the fitting procesgerminates.If the approximationdoesnot meetthe fitting criterion the
datasetis re-parameterizebasedn the mostcurrentsurfaceapproximation.Theiteration
continuedn this mannermntil thefitting criteriaaremet. In this iterative optimizationpro-
cesstheinitial parameterizationf the datasetis crucialto the quality of the final surface
approximation Seethetext for a detaileddiscussiorof this process.
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intermediatepproximation.Thedimension®f thematrix B in equation4.3are L by mn.
Themostexpensve operationn solvingthelinearsystemnvolves‘inverting” B [Lawson
& Hansonl1974]. For a typical numericalsolution (suchas QR factorization[Golub &
Loan1993](section5.3.4))thetime compleity of this operationis:

2m*n?(L — m)
3

In practicethe numberof datapoints L is significantly more thanthe numberof con-

trol verticesmn andwe canrewrite the time compleity of the leastsquaregproblemas

O(m?n®L). Refiningtheparametevaluesis typically O(mnL) (parametevaluesfor each

datapoint arerefinedusing a searchthroughthe intermediatespline surfaces parameter
space).Froma practicalimplementatiorpoint of view parameterefinemenis anexpen-

sive calculationsinceit involvescomputingsplinesurfacepartialderivativesat eachof the

original datapoints[Hoschek1988,Sarkar& Menq1991].

A third notewvorthy aspectof this iteratve optimizationprocedures that if the user
wishesto fit a differentresolutionof spline surface (i.e. a differentnumberof control
vertices}o thedata,atleastsomeof theparameterefinementterationsmustbeperformed
again. This is because B-spline surfaceapproximationwith a differentresolutionwill
induceadifferentparameterizatioon the dataset.

The preceedingdiscussiorclearly pointsto the fact that obtaininga goodinitial pa-
rameterizatiorof the datapointsis centralto the surfacefitting problem. Techniquedor
parameterizatiom the CAD literatureusemanuallyintensve schemesuchasprojection
of datapointsto manuallychosenplanesor a manuallyconstructedasesurface(e.g. a
lofted surface)[Ma & Kruth 1995,Milroy etal. 1995,Sinha& Sen&iratne1993]. These
techniquesgven with extensive manualinterventionare not guaranteedo producegood
parameterizationgzurthermorein our casethedatasetis densemakingmanualinterven-
tion for the parameterizatiostepimpractical(i.e. laborious).

Note that by discardingthe connectvity informationin our polygon meshwe could
trivially convert our approximationproblemto that of a corventionalpoint-cloudfitting
problemandusethefitting approachdescribedabove. In sucha casethe verticesfrom the
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sourcepolygonalmeshwould form the point cloud. However, we have chosemot to fol-
low this stratgy sinceconventionalpoint cloudfitting stratgiescanproducetopologically
incorrectresults(e.g. seefigure4.1),areproneto non-rolustnesgstemmingfrom corver-
genceissues)andoften producepoor quality surfacesdueto iterationsfalling into local
minima. They arealsovery inefficient (i.e. O(Lm?n?) per iterative step)andtherefore
unusablen aninteractve setting.

4.3.2 Fitting to gridded data

A secondapproximationproblemrelatedto oursis that of fitting to a gridded dataset.
Although our datasetis not in this format, griddeddatafitting techniquegrovide use-
ful intuitions into our problem. Fitting tensorproductsurfacesto griddeddatacan be
cornveniently decomposednto a sequencef simpler curwve fitting processegForse &
Bartels1991]. As a result,griddeddatafitting algorithmsare simpler moreefficient and
morerobustthanpoint cloudfitting algorithms.If thedatasetis givenby thegrid of points
{P@i,j)li=1...M,5=1...N} suchthatP(i, j) hasparametewvalues(u;, v;), thenthe
leastsquaregquatiorfor the griddingdatafitting problemis written asfollows:

Pgrid = Bm,]W (u)Xgring,N(v) (44)

whereP,, ., is theregulargrid of datapoints:

PO,O PO,I Cen PO N

Pl,O Pl,l RN PI,N
Pg?“id = . . .

PILLO P]W,l PILLN
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X,iq arethecontrolverticesthatareto be solvedfor:

[ Xoo Xoi ... X, |
X, X.l,o X1 oo Xy
_ X,'n,0 X;n,l o X |
and - 1
Bo(ug)  Bi(ug) By (ug)
B, (i) = BO(.Ul) By (ul) Bm'(ul)
] Bo(un) Bi(uar) .. Bu(uar) ]

B, v is obtainedoy substituting: for m andN for M in theabove matrix.

In equation4.4 the dimensionsof the matricesare as follows: P, is M x N,
B, yv(u) ism x M, B, y isn x N andX,,;; hasdimensionsn x n. In a surfaceap-
proximationproblem,the numberof datapointsin eachdirectionof the grid are usually
farin excessof thenumberof controlverticesin thesamedirectionof thegridi.e. M > m
and/N > n. For purpose®f comparisorwe will assumehatthe numberof datapointsin
the pointcloudformulationof the previoussectionis aboutthe sameasthe numberof data
pointsin theregulargrid formulationabovei.e.

L~MN

The parameterizationf datapointson a regular grid is trivial because regular grid
is intrinsically parameterizefForsey & Bartels1991]. Sincethe datasetin equatiord4.4
is alreadyparameterizedsolving the surfacefitting problemfor regular griddeddatare-
ducesto solving equatiord.4 oncefor the controlvertices.Solvingthis equationinvolves
“inverting” both B,,, »/(u) and B y(v). The computationatostsof theseoperationsare
O(Mm?) andO(Nn?) respectrely (assumingonceagain,thatwe usesomestandarchu-
mericaltechniquesuchas QR factorization[Golub & Loan 1993]). The costof solving
this systemis thereforeO (Mm?2 + Nn?). Thisis asignificantlysimplerandlessexpensve
computatiorthanthenonlineariterationassociateavith equation4.3. In thatcasethe cost
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periteration stepwasO (M Nm?n?).

It is worth pointing out that sinceregular griddeddatais by definition uniformly dis-
tributedin parameteispace the matricesB,,, s(u) and B, x' (v) areindividually more
well conditionedhanB,,,,, .(u, v) (from equatiord.3). Froma purelynumericalperspec-
tive, thismeanghatgriddeddatafitting is usuallynumericallymorerobustthanpointcloud
fitting. Furtherdetailsof griddeddatafitting arediscussedn chapter6.

To summarizethe solutionto the surfaceapproximationproblemfor regular gridded
datais simpler computationalljfessexpensve andnumericallymorerobustthanthe solu-
tion for surfacefitting to point clouddata. The fundamentateasorfor theseadvantagess
thatsincethe datais orderedthe surfacefitting problemis decomposablato a sequence
of simplercurwe fitting problems.A secondmajor adwvantageof fitting to griddeddatais
thattheresultsproducedareof a higherquality thanthoseproducedoy point cloudfitting.
Thisis becaus¢hequality of anapproximatingurfaceis stronglyinfluencedy thequality
of theunderlyingparameterizatioof thedata,andregulargridsaretrivial to parameterize
comparedo irregularpointclouds

4.4 A newsurfacefitting formulation

Clearly, griddeddatafitting techniquesareto be preferredover point cloud fitting tech-
niques.Sinceour datais notin the form of a regulargrid, thesemethodsarenotimmedi-
ately applicable.However, if we wereto cornvert our datainto the above formatwe could
exploit theadwantage®f griddeddatafitting over pointcloudfitting. This motivatesa new
two-stepsolutionstratey for our surfacefitting problem:

1. First,resamplezachirregular polygonalpatchinto a regular surfacegrid, which we
call thespringmesh

2. Secondusegriddeddatafitting technique®nthespringmeshto obtaina surfacefit.

Our two stepfitting stratey allows usto avoid the compleity, costandnon-interacttity
of the non-linearoptimizationprocesdraditionally usedfor irregular data. Seechapters
(section5.7)for adetaileddiscussiorof therelative benefitsof our surfacefitting approach
overtraditionalstratajies.
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Initial, unparametezed
polygonal patch

Re-sample into reglar
surface grid (the gring mesh)

Gridded re-samplingf
polygonal patch (sjng mesh)

Fit B—spline surface to spring
mesh.

Fitted B—spline sdace

Figure 4.3. Ourtwo stepsurfaceapproximatiorstratgy. In thefirst step,we re-samplehe
polygonalpatchinto aregularsurfacegrid calledthe springmesh.This processs explained
in chaptel5. In thesecondstepwe applygriddeddatafitting techniqueso thespringmeshto
obtainourfinal B-splinesuriaceapproximationThistwo stepstrat@y allows usto avoid the
compleity, costandnon-rolustnesof point cloudfitting algorithms. We have not shavn
the the computationof a displacemenmmap here. Recallthat our displacementnapsare
extractedsimply astheresidualerrorof fit afterthe B-splineapproximatioris obtained.See
chapter7 for adiscussiorof displacemenmapcomputation.
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The springmeshmay be viewed asa high quality parameterizatioof the underlying
data.In our applicationwe usethe springmeshitself asthe (gridded)datafor the surface
fitting step.As discussedh sectiond.2.3we aremoreinterestedn a high quality approxi-
mationto the meshsurfaceitself ratherthanthe meshvertices.As long asthe springmesh
we produceis a reasonablycareful samplingof the polygonalmesh,surfacequality and
detailarenotcompromised.

If in otherapplicationsit is requiredto fit the original meshvertices(e.g. to obtain
tolerancego the original data),this canbe accomplishedby first parameterizinghe mesh
verticesusingourregularspringgrid andthenrunningthe standardon-linearoptimization
processdescribedn section4.3.1. For theseapproachesour gridding processoffers a
robust,automatichigh-qualitymeshparameterizatioachemeHowever, we do notpursue
this alternatve stratagy in thisthesis.

The next chapterexploresin detail, our gridding stratgly for eachpolygonal patch
andits adwantagesn aninteractve setting. We alsodiscussstratgiesfor addingflexible
constraintgo the parameterizatioprocessn the context of aninteractve surfacefitting
system.



Chapter 5
Gridded resampling

As outlinedin the previous chaptey our fitting stratgyy works in two steps. First, each
polygonalpatchis re-samplednto aregularsurfacegrid calledthe springmesh.Seconda
B-splinesurfaceis fit to the springmesh.In this chapterwe discusghe detailsof thefirst
of thesetwo stepd.e. thecreationof the springmesh.

The input to our gridding processis a polygonalpatch. A polygonalpatchfor the
purpose®f our discussioris anarbitraryfour-sidedpolygonmeshsection.The only con-
straintsto this meshsectionarethatit mustberectangularlyparameterizablandmustnot
have holes. Both theseassumptionsre reasonablefirst, in orderthat a tensorproduct
B-splinesurfacebefit to the surfaceit mustberectangularlyparameterizableéSecondthe
modelsinput to our systemareseamles®r caneasilybe madeso eitherby acquiringand
integratingmorescansor by usingrecenthole-filling technique$Curless& Levoy 1996].
Thereareno furtherconstraintgwith respecto eithertopologyor geometry)on polygonal
patchesIn particular they arenotrestrictedo be heightfields.

For thefirst partof thischapterwewill assumehattheonly userinputis thepolygonal
patchitself (i.e. thefour boundarycurvesof the patch).A procedurds describedo auto-
matically generate springmeshre-samplingor this polygonalpatch.Givenjustthefour
boundarycurvesof a polygonalpatchasinput, thereare several plausibledistributionsof
springpoints. We begin this chapter(section5.1) by examiningthe propertieghatdefine
agoodspringmeshre-sampling.This leadsto a qualitatve measurdor evaluatingthe de-
sirability of a springmeshre-sampling.In section5.2 we quantify thesecharacteristicin

89
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theform of asetof parameterizatiorules.In thefollowing sectionsve outlineanefficient
implementatiorthat generatespring mesheshat obey our parameterizatiomules. This
implementations basedn a coarse-to-fineelaxationprocesghatincrementallybuilds up
a betterparameterizatiofior the polygonalpatch. In section5.7 we discussseveral desir
ablepropertiesof our coarse-to-fingparameterizatiostratgly. We follow this discussion
with ananalysisof thecomputationatostof our parameterizatioalgorithms(section5.8).

In the secondhalf of this chaptemwe introducethe notion of feature curves Theseare
userspecifiedcurvesthat may be usedto arbitrarily (and precisely)customizethe distri-
bution of pointswithin the springmesh. We call the resultingparameterizationteature-
drivenparameterizationsWe introducefeaturecurvesby examiningour parameterization
algorithmfrom a designperspectie (section5.9). From this perspectie featurecurves
area naturalextensionto our basicparameterizatiostrategy. In section5.10we discuss
how our parameterizatiorulesmaybe modifiedin the presencef featurecurves. Thenin
section5.11we discussan implementatiorof featurecurves. Our featuredriven parame-
terizationtechniquebearsseveralsimilaritiesto thevariationalsurfacedesignliterature.In
section5.12we discussanintuition for our featuredriven parameterizatioalgorithmthat
is basedon a variationalsurfacedesignperspectie [Welch & Witkin 1994]. We conclude
this chapter(section5.13)with asummaryof its principalcontributionsandsomepractical
examplesof theusesof our parameterizatioalgorithms.

5.1 Desirablecharacteristicsfor a spring mesh

The springmeshis essentiallya regular grid of pointsthatlie on the polygonalsurface.
We will referto thesepointsasthe “spring points”. The springmeshcanbe viewed in
two ways: first, it canbe viewed asa parameterizationf the polygonalpatch. Second,
sincespringpointslie on the polygonmeshsurface,the springmeshcanbe viewed asa
re-samplingof the patchinto aregulargrid. We will drav onboththeseviews of thespring
meshfor our intuitionsaboutthe parameterizatioprocessin thefollowing discussiorwe
usethetermsparameterizatioandspringmeshre-samplingnterchangeably

Given a polygonalpatchthereare infinitely mary distributions of spring pointsand
thereforeparameterizationsf the patch. From the spaceof all theseparameterizations
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somearepreferableover others.Therefore peforewe createa procedurdo generatea pa-
rameterizationywe mustfirstanswethequestionwhatdoest meanfor aparameterization
(i.e. springmesh)to be“preferable”over others?Clearly, sinceour springmeshesreused
for smoothsurfacefitting, we shouldrestrictour spaceof acceptablgarameterization®
thosethat enablea high quality surfaceapproximation.In section5.1.1we examinethis
issuein moredetail.

Note thatthe above restrictiondoesnot yet narrov down our spaceof acceptablea-
rameterizationsit is still possibleto generatesereral differentspring parameterizations
eachof which works just aswell for approximatinghe geometryof the polygonalpatch.
However, not all of theseparameterizationsight be satishctoryto the user Sinceusers
in ourtargetapplicationareadi.e. EntertainmenandindustrialDesign)play animportant
role in determiningthe desirabilityof a surfaceparameterizationyhateser parameteriza-
tion procedurewve proposeshouldtake careto satisfythe usersrequirementsn addition
to producinggoodapproximationgo surfacegeometry Accordingly, in section5.1.2we
examineour parameterizatioprocedurdrom a userperspectie.

5.1.1 A samplingperspectve

Sincethe springmeshis essentiallya re-samplingof the polygonalpatchwe begin our ef-
fort to characterizéhedesirabilityof anarbitraryspringmeshfrom asamplingoerspectie.
The springmeshis generatedvith the intent of fitting a combinationof B-splinesurface
anddisplacementnaptoit. In orderthatourfitted surfacenotloseary detailthatwasin the
original polygonalpatch,it is desirablehatthe springmeshbe asfaithful a resamplingof
the polygonalpatchaspossible.Only if the springmeshsatisfieghis requiremenmaywe
dispensawith the irregular polygonalrepresentatioandusejust the regular springmesh
for fitting purposesFurthermoreywewouldlik e our springmeshto beminimalin thesense
thatthereshouldbe no “wasted”springpoints (samples).We thereforeaskthe question:
Whatis thedistribution anddensityof springpointsthatgivesusafaithful samplingof the
polygonalpatch?

Considera simplerversionof the samequestion:for a given resolutionof the spring
meshwhatis the distribution of springpointsthatrepresenta reasonablsamplingof the
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surface?Sinceourtriangulationsomefrom realmodelsthathave beensamplediniformly
overtheir surfacespurtrianglemeshesendto be uniformly densgin termsof the number
of polygonsperunit areaof thesurface)acrosslifferentpartsof thepolygonalmodel. If we
assumehatgeometricalnformationis distributedaccordingo polygonmeshdensitythen
for aspringmeshof afixedresolutionto samplethe surfaceoptimally eachsampleshould
representin equalareaon the polygonalsurface. This givesus one qualitatve measure
of goodnessgor our springmeshfrom a samplingperspectie. Furthermorejn orderto
dispensawith the polygonalpatch,the densityof the springmeshshouldbe high enough
thatthefinestdetailsof the polygonalpatcharecapturedoy there-sampling.This givesus
a secondqualitatve measure Our parameterizatiometric canthereforebe encapsulated
in theform of two qualitatverules:

1. Eachspringpointrepresenta constansizeareaof the polygonmesh.

2. Thedensityof thespringmeshshouldbe high enoughto capturethefinestdetailsof
the polygonalpatch.

Although thesequalitative rules summarizeour requirementsoncerningobtaininga
goodapproximationto geometrythey do not necessarilycapturea usersnotion of a de-
sirableparameterizatianThis is easilyillustratedwith the help of anexample.Figure5.1
shaws threepossible“parameterizationsbf a planardistortedpatch. The parameteriza-
tion in figure 5.1(a)might seemglesirableat first sinceeachspringmeshopeningcovers
aboutthesameareaof the patch(barringtheboundaryregions). However, thespringmesh
showvn is not aregulargrid i.e. every horizontal(vertical) curve of the springmeshdoes
not have the samenumberof samplepointsasevery otherhorizontal(vertical)curve. This
parameterizatiotherforedoesnot suit our purposesiespitethe fact the samplingof the
patchis somavhateven. Our spaceof acceptablgparameterizationis restrictedo regular

surfacegrids becausehatis the parameterizatiomtrinsic to a tensorproductparametric
basis. Furthermore the entire spring meshmust be presentwithin the polygonalpatch
i.e. the parameterizatiomustbe a regular, tensorproductparameterizatiomvith its four
boundariebeingthe sameasthepatchboundaries.

Considernow the parameterizationshawn in figure 5.1(b) and (c). Both are regu-
lar surfacegrids. Note that both springmeshedave a singularityat the lower, collapsed
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Figure 5.1 Threeexamplesof possiblespringmeshedor a planartriangularpatch. The
springmeshof (a) seemdlesirableat first sinceeachinterior springpoint coversaboutthe
areaof of the patch.However, the parameterizatiois notacceptabl¢o usbecausét is nota
tensorproductparameterizatione. eachu (v) iso-cune doesnot containthe samenumber
of points. (b) and(c) arebothtensorproductparameterizationwith the samenumberof «
andv iso-cunes. Notethatnotensomproductparameterizatioof this patchcanavoid a pole
atthelower, collapsedoundarycurve. Thespringmeshof (b) minimizestheareadistortion
of the patch. However, notethat the parameterizatiors distortedwith respecto the arc
lengthalongaverticaliso-cune: thedistancebetweerhorizontaliso-cunesgetcompressed
asonemovesaway from the pole. Also notetheaspectatiodistortion: areaelementsloser
to the pole arethin andlong while areaelementdartherfrom the pole arebroadandshort.
Finally (c) shavs a parameterizatiothatminimizesthearclengthdistortionandhasalower
aspectratio distortionthanthe springmeshin (b). However notethatit is distortedwith
respecto area.Our parameterizatioschemechoosego createthe more“uniform” spring
meshof (c). Seethetext for a discussiorof our motivationsfor makingthis choice.
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boundarycurve (i.e. the pole of the springmeshes).The singularityat the poleis a lim-

itation of the tensorproductnatureof the parameterizatiomatherthana limitation of the
specificdistribution of springmeshpointsi.e. no tensorproductparameterizationf this
patchcouldavoid sucha pole or the distortionassociateavith it. For example,the spring
meshof (b) minimizesareadistortion. However, notethe extremedistortioninducedwith

respectto the arc lengthand aspectratio. On the otherhandfigure 5.1(c) shaws a pa-
rameterizatiorthatminimizesthe arclengthdistortionin both parametridirectionsof the
springmesh. While it hassomeaspectratio distortion, it is significantlylower thanthe
distortionin springmeshof (b). However notethatit is moredistortedwith respecto area
than(b). In particulartheareaelementsiearthepolearesmallerthantheonesfartherfrom

it.

Note that the springmeshef both (b) and(c) allow usto createacceptablesurface
approximationsslong asthe densityof the springmeshin eachcaseis high enough.So
whichof (b) or (c) is preferabldor ourapplication? To resolhethisquestioret usexamine
our parameterizatioproblemfrom a design(i.e. users)perspecitie.

5.1.2 A parameterization designperspectie

The applicationdomainsthat are the principal focus of this thesisare entertainmenand
industrialdesign.For applicationgn thesedomainsthedesignof 3-D parametricsurfaces
hastwo key componentsfirst, the designof the geometryof the surface,andsecondthe
designof its parameterizationt is importantto notethatin generathesearetwo separate
actvities eventhoughcommercialmodelingpackagesuchasAlias or Pro/Engineeuse
modelingparadigmgsuchaslofting or skinning[Farin 1990]) thattreatthemasa unified
actuity.

In our applicationthe useris not designingso muchthe geometryof thefitted surface
(which is ideally the sameasthat of the the input polygonalpatch)asits parameteriza-
tion. Thedesignof a surfaces parameterizatiors of critical importanceo mostmodelers
becausdt influencessereralimportantpropertiesof the surface.For example,surfacepa-
rameterizationsleterminetheflow of a texture mapoverthesurface.A surfacethatis not
parameterizedccordingo the usersspecificationss unlikely to appearsatishctorywhen
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texture mapped.Surfaceparameterizationalsodeterminethe precisechangesn surface
geometrywhena controlvertex of the surfaceis movedin spaceo anew location.An un-
satishctorily parameterizedurfacewill usuallydeformin anunexpectedi.e. undesirable)
fashionwhena control vertex is moved. For theseandotherreasonsaving control over
surfaceparameterizatiors crucialfor mostapplications.To take a specificexamplefrom
entertainmentthe animationof a parametricsurfacerepresentinga humanfaceis better
performedwhenthe parametefines of the surfaceflow accordingto anatomicafeatures
suchasthe eyesandthe mouthof the face[Parke & Waters1996]. Furthermoreanima-
torsoftenconcentrate greatemumberof parametefines (hencecontrolvertices)on and
aroundregionsof the surfacethatrequirefine geometriccontroli.e. areasof the facethat
arethe mostexpressve suche.g. the eyes. Similar examplescanbe foundin thefield of
IndustrialDesign.

Theforegoingdiscussiondlustratethatit is importantto evaluateany parameterization
algorithmfrom a designperspectie. Let usthereforeaskthe question:What parameteri-
zationdid theuserimplicitly designby specifyinga polygonalpatchthroughits four patch
boundaries?

We tacklethis questionin two parts. First, let us assumehatour only userinputis a
setof four patchboundarycurvesandthatan underlyingpolygonalsurfacedoesnot exist
i.e. ourinputis justasetof four spacecurves.Basedonjustthisinput,areasonablspring
meshoutputis a smoothblendin spaceof the four boundarycurves. Furthermorejn the
absencef otherinformationit is reasonabléo assumehat the userintendedthe spring
meshto be uniformly spacedn both parametriadirections. An exampleof the geometry
andparameterizationreatedoy this kind of operations a Coonspatch[Farin 1990].

Secondlet usnow addtheadditionalpolygonalsurfaceconstrain{i.e. theintermediate
iso-cunesmustnow be constrainedo the polygonalsurface). In this case.asan obvious
extensionto thefirst agumenttheusercouldreasonablgxpectto have designed spring
meshthat representsa uniform and smoothblend on the polygonalsurfaceof the four
boundarycurves

Thus,giventhatthe input from a userof our systemarethe four boundarycurvesof a
polygonalpatchareasonablparameterizatiofor thepolygonalpatchis aspringmeshthat
is uniformlyspacedn boththeu andv directionsandthatrepresenta smoothblendonthe
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surfaceof the boundarycurves. Therfore,from a designperspectie the parameterizations
shawvn in figure 5.1(c)is preferableto the oneshawn in (b) becauset represents more
uniformblendonthesurfaceof theboundarycurves. Theparameterizatiom (c) distributes
iso-parametricurvesuniformly on the surfacebetweeneachpair of opposingboundary
cunes.

Thepreceedingliscussiordemonstratethat,while minimal areadistortionis areason-
ablegoalto strive for in a parameterizationt is not alwaysdesirableo achieve this goal.
We mustthereforecreatepracticalrulesthatgeneratgarameterizationghich encodeour
intuitions basedon both the samplingperspectie and on the designprinciplesexplained
above. In the next sectionwe quantify our qualitatve characterizatiomf the preceeding
discussionn theform of simpleandimplementablgparameterizatiorules.

It is worth notingthattheforegoingdiscussionndicatedthatthe choiceof how to trade
off differentkinds of distortionsin parameterizations often subjectve (i.e. application
specific). Thereforea naturalquestionto askis: whatif theuserdid indeedwantto create
the parameterizatioshown in figure 5.1(b)? Ideally our parameterizationulesshouldbe
extensibleenoughto accommodatsuchscenariosWe exploresuchissuesatgreaterdepth
in the secondhalf of this chapter(sectionss.9 onwards).

5.2 Quantifying the parameterization metric

We would like practical rules that capturethe qualitatve parameterizationmetrics ex-
plainedin the last section. Ideally, theserules shouldcreateparameterizationthat have
minimal areadistortion (wherepermittedby patchtopology)andaswell thatrepresena
uniform blendon the polygonalsurfaceof the four patchboundarycurwves. In the discus-
sion below, “iso-curves” refer to iso-parametricurvesin one of the principal directions
of the tensorproductparameterizationAn iso-cur\e is just a seriesof springpointsthat
constitutea grid line of the springmesh. We refer to the two principal directionsof the
springmeshasthe v andv directions.A u (v) iso-cur\eis aniso-parametrigrid line with
afixedu (v) valueandprogressiely increasingor decreasingy (u) parametevalues.
We beagin our questfor practicalparameterizatiomules by observingthat regardless
of the shapeof the polygonalpatch,it is always possibleto createa spring meshthat



CHAPTERS5. GRIDDED RESAMPLING 97

minimizesdistortionin grid spacingalonga particularu or v iso-cune. For example,if we
follow afixediso-cunein theexamplesshovnin figures5.1,thespacingonthesurface)of
the springmeshpointsalongthatiso-cureis uniform. We alsonotethatto createaneven
samplingin boththe » andv directionsthe springmeshpointsin eachdirectionshouldbe
aboutthe samedistanceapart. Theseobsenationsare encapsulateth the following two
parameterizatiorules:

1. Arc lengthuniformity. the springmeshspacingalonga particulariso-cure should
beuniform.

2. Aspectratio uniformity. the springmeshspacingalonga v iso-cune shouldbe the
sameasthe spacingalonga v iso-cune.

Whenevaluatedrom a samplingperspectie, the arc-lengthcriterionaccountdor thefact
thatgeometricallyinterestingdetailis equallylik ely alongary givensectionof aniso-cune
alongthesurface.Similarly, theaspect-rati@riterioncaptureghefactthatdetailis equally
likely in eitherdirectionof a gridding of the polygonalpatch.

Unfortunately neitherof theserules encapsulatehe notion of a “minimal” parame-
terization. Considerfor examplea small sectionof a springmeshshawn in figure 5.2.
Note that the spring meshsectionin figure 5.2asatisfiesboth the arc length and aspect
ratio criteriaspecifiedabove. However, the parameterizationf the springmeshsectionis
still unsatiséctory: while it doesencodeour notion of a uniform blendon the surfaceof
the four boundarycurwves, it is not a smoothblend. From a practicalperspectie, the pa-
rameterizatiorshavn would exhibit undesirableharacteristicsuchasa wavy appearance
undertexture mapping.Similarly, pulling on a controlvertex of the surfacewould induce
an undesirablevavy deformationon the surface. Clearly the aspectatio andarc length
uniformity rulesdo not restrictthe spaceof acceptablg@arameterizationstronglyenough.
Noting this fact, we add a regularizationrule (a minimal enegy rule) to the above two
criteria.

3. Parametricfairness Every u andwv iso-cune shouldbe of the minimum possible
lengthgiventhefirst two criteria.

Theterm“fairness’hasits rootsin thegeometridnterpolationliteraturewhereit is usedto
cornvey the conceptof minimum enegy interpolatingsurfacegHalsteadet al. 1993]. Our
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Figure 5.2 Parametricfairnessas a regularizationterm. (a) shawvs a sectionof a larger
springmeshthat satisfiegust the arc lengthand aspectratio uniformity criterion. Spring
pointsareshavn ashollow circles. Notethatspacingsalonga particularu or av iso-cune
areuniform (arclengthuniformity). Also notethatthe spacingslongevery u iso-cune are
the sameasthespacingsalongevery v iso-cune. However, despitehesefacts,the parame-
terizationis clearly unacceptablandicatingthatthesetwo rulesdo not restrictthe spaceof
parameterizationsuficiently. (b) shavs theinteractionof the parametridairnessule with
thetwo otherruleson asectionof asinglev iso-cune. Theparametridairnessule by itself
creategninimal lengthcurves. Whenusedin conjunctionwith the otherparameterization
rules,this rule produceseasonabl@arameterizations.
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useof thetermfairnesss in the contect of achiezing a minimal enegy parameterization
hence:parametridairnessPreviousapplicationshave addressetheissueof fairnessonly
to the extentthatit affectssurfaceshapenotasit affectssurfaceparameterization.

Thethreequalitatve parameterizationuleslisted above now give usminimumenegy
(i.e. parametricallyfair) springmesheshatminimizearclengthandaspectatiodistortions.
It is worth noting that an implicit assumptiorwe have madeduring the formulation of
theserulesis thatsurfacedetailin aregion of the meshis dictatedsolely by the numberof
polygonmeshvertices(or polygons)in thatregion. Sincefor our mesheshevertex density
is fairly uniform (with respecto surfacearea)overtheentirepolygonalmeshit is desirable
thatour parameterizatiorulesevenly distribute springpointson themeshsurface.

It is easyto seethat at leastfrom a samplingperspectie our parameterizatiomules
areconserative: they will in generakequiremoresamplegshanmightbenecessarjor an
optimalsamplingof a polygonalpatch.For example,aflat region of thesurfacewill useup
asmary springpointsasa highly curvedregion of the surfaceaslong asthey possesshe
samesurfacearea(andhencethe samenumberof meshvertices).If our parameterization
rulestook into accountpropertiessuchassurfacecurvature,the numberof springpoints
could potentially be optimizedso asto be concentrateen more complec regionsof the
surface. Despitethis potentialshortcomingpur stratgy hastwo desirablecharacteristics.
First,becausd is conserative we areat leastguaranteedo never missary surfacedetail.
Secondpn a practicalnote, it is conceptuallyandnumericallystraightforvardto perform
computationon a uniform spring meshrepresentatiomomparedo a moreinvolved but
optimalrepresentatiofsuchasa hierarchicakpringmeshwith aquad-tredik e structure).

It is worth comparingour problemto thosethat arisein the finite elementliterature,
specificallyin the areaof numericalgrid generatiofThompson1991]. The objectve in
this domainis to generatdeitherstructuredor unstructuredyridsin ™ aswell ason sur
facesin R". Specifically extensve researcthasbeendoneon variousstratgiesfor gen-
eratingsurfacegridsin 1. However, thesetechniquesrenot directly applicablebecause
they assumeheexistenceof a higherordersurfacedescriptionsuchasaB-splinesurface)
to startwith. A higherordersurfacedescriptiorallows theuseof severalsmoothnesprop-
ertiessuchasglobal differentiability that are not availableto us. As pointedout earlieg
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while it is possibleto make local approximationgo surfacecurvaturefor irregular polyg-
onalsurfacegWelch & Witkin 1994],thereis no schemeo evaluateglobal dervativesat
arbitrarysurfacepositions.

5.3 A fastgridding algorithm

In thelastsectionwe specifiedasetof parameterizatiorulesto generatdair springmeshes
with low aspectatioandarclengthdistortion.In thissectionwe describeanalgorithmthat
efficiently implementgheseparameterizationules. Our algorithmis aniterative, coarse-
to-fineprocedurdghatfor eachpolygonalpatch,incrementallybuilds asuccessely refined
springmesh.Specifically the procedurdteratesbetweerntwo steps:a relaxationstepand
a subdvision step. The relaxationstepworks at a fixed resolutionof the spring mesh.
It ensureghatthe springpointsat this fixed resolutionare moved on the surfaceso that
the resultingspringmeshsatisfiesour threeparameterizationules. The subdvision step
increaseghe resolutionof the springmeshby addinga new setof spring pointsto the
existing parameterizationWe continuethis coarse-to-fingteration until the springmesh
densityis closeto the densityof verticesof the original polygonalpatch.

We bggin ourcoarse-to-fingerationwith aninitial guesdor thespringmeshiso-cunes
thatis basedon Dijkstra’s shortest-patlalgorithmwith anappropriateaspectatio for this
patch. We restrictthis computationto just the verticesandfacesof the polygonalpatch
ratherthanthe entiremesh.Sincethe polygonpatchis justa connectedjraph,identifying
a setof verticesandfacesof the polygonalpatchthatbelongto a polygonalpatchis easily
performedusinga breadtHirst seedill operation.n thenext few sectionsve describehe
detailsof eachstepof our griddingalgorithm.

5.4 Spring meshinitialization

To obtaina coarsenitial guessfor a setof v andv iso-cunes, we useDijkstra’s single-
sourcesingle-destinatiorshortest-pathalgorithm[Aho & Ullman1979]to computeapath
betweencorrespondingpairsof pointsalongopposingboundarycurves. The initial num-
bersof iso-cunesin eachdirectionarechoserto be proportionalto the aspectatio of the
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Figure 53 Thisfigure exploresthe threesamplingcriteriaon partof theright leg of themodelin figure1.1. Eachof the
above imagesrepresenta triangulatecandsmoothshadedspringmeshat a very low resolution.In eachcase the numberof

springpointssamplingthe polygonmeshwaskeptthe same.The differencesarisefrom their redistritution over the surface.
The springedgesareshawvn in red. (a) shavs whathappensvhenthe aspectratio criterionis left out. Notice how a lot of

detailis capturedn theverticaldirection,but notin thehorizontal.(b) shavs theeffect of leaving outthe arclengthcriterion.
Noticehow thekneecapooksslightly bloatedandthatdetailabose andaroundthe kneeregion is missed.Thisis becausdéew

samplesveredistributedover the kneeresultingin abadsamplingof this region. (c) shavs a missingfairnescriterion. The

iso-cunesexhibit mary “wiggles”. Finally (d) shavs theresultwhenall threecriteriaaremet. Seefigure 5.6 for asummary
of resamplingorocessvorking ontheleg patch.
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patch. The aspectatio of a polygonalpatchis computedasthe ratio of the longerof the

two boundarycurvesin eitherdirection. The startingspringmeshpointsarecomputedas
intersection®f theseinitial iso-cunes;the curvesmustintersectf the patchis rectangu-
larly parameterizableDijkstra’s algorithmis O(N log(N)) in the numberof verticesof

the polygonalpatch. Sincepolygonalmeshesare actually planargraphsthey possessa

simplerstructurethanarbitrarygraphs.As sucha lineartime algorithmexists to perform
the shortespatchcomputatiorfor planargraphgKlein etal. 1994]. However, therehave

beennoreportsof practicalimplementationsf thesealgorithms.We have foundDijkstra’s

algorithmto performadequatelyor our purposesSincewe searchor only a smallsetof

initial iso-cunes,this proceduras rapid.

5.5 Spring meshrelaxation

Theinitial guessfor the springmeshasobtainedabove is generallyof poor quality. Fur
thermore we have chosernto computethis initial guessat a low resolution. Despitethese
potentialdravbacks,our initial springmeshsenesasa goodstartingpoint for our relax-
ationprocess.

In the relaxationstep,we move the spring points (at a given resolutionof the spring
mesh)to new locationson the polygonalpatchsuchthattheresultingspringmeshsatisfies
our parameterizatiorules. Notethatwe have alreadyimplementedherule of aspectatio
uniformity with our initialization step. As the springmeshis uniformly subdvided this
aspectatio is maintained.Thereforewe do not explicitly enforcethis criterionaspartof
our relaxationprocedure We enforcejust thetwo remainingparameterizationulesof arc
lengthandparametridairness.

Therelaxationalgorithmworksin two steps.First a “resultantforce” is computedon
eachspring point. This force is basedon our parameterizatiomules of arc length and
parametridairness.In the secondstepthis forceis thenusedto slide the springpoint to
a new positionon the polygonalsurface (within the polygonalpatch). All spring points
aremovedin this mannermuntil the springmeshattainsits equilibriumstate,i.e. whenthe
resultantforceson all the springmeshpointsarezero.

In the next few subsectionghe “force” betweertwo springpointsis computedasthe
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o ‘9‘

P,

down

Figure 5.4. This figure shavs the neighborsof a facepoint P of the springmesh. The
resultanforceonthespringpointduringtherelaxationstepis alinearcombinatiorof these
forces.Seethetext for details.

Euclideanvectorjoining thetwo pointsi.e.
Force(P,,P,) = P, — P,

To understandhe detailsof our relaxationprocedurdet usfocuson the forceson just an
individual springpoint P. Let P,,, Piown, Pt and Py, representhe positionsof the
P’sfour neighborgn the springmeshin the v andwv directions.We first examinethe arc
lengthandfairnesdorcesin turn andthendiscusshow theseforcesmaybe combinedn a
relaxationstrateyy.

5.5.1 The arclength criterion

Minimizing arclengthdistortionalongoneof P’siso-cunesis achievedby simply moving
P towardswhichever neighbor(alongthe sameiso-cune) is fartheraway from it. This
computations very similar to the computatiorfor arclengthbasedorcesfor snales(see
section3.6.3). Thetwo iso-cunesof the springmeshthat passthrough P may bethought
of asindividual snalesfor forcecomputationdasedon arclength.

As explainedin section3.6.3the force dueto the arclengthcorrespondingo the up-
downiso-cune (i.e. P,, and Py,,,) is:

t
Fure—ud(P) = (|Force(P,,, P)| — |Force(Pipumn, P)|) T (5.1)

[tmac
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where
timaz = Maz(Force(P,,, P), Force(Piyymn, P))

wheret,,... is thelargerof Force(P,,, P) andForce( Py, P) (in magnitude).e.

¢ ) Force(Py,, P)  if Force(Py, ) > Force(Fioun, P)
max FOI'CG(Pdown; P) if FOrce<Pdowna P) > FOI‘Ce(Pup; P)

If the magnitudef the forceshappento be equalthe arclengthforceis zero. Thetwo
expressiongorceg(P,,, P) andForce(Py,.., P) representorcesonthespringpoint P due
to eachof the springpoints ,,, and Py,,,,. We performasimilar computatiorin the other
direction(left-right) aswell to getaforce F,,._;.. Theresultantof F,,.._;. and F,,._.q IS
thenetarclengthbasedorceactingonthe springpoint P i.e.

Farc(P) - Farc—lr(-P) + Farc—ud(P)

5.5.2 The parametric fair nesscriterion

Letusnow examinetheforceon P dueto the parametridairnes<riterion. Recallthatthis
criterion attemptso make every iso-cune of the minimum possiblelengthi.e. it triesto
pull eachiso-cune as“tight” aspossiblegiventheotherconstraintonthespringmesh.As
with the arclengthcriterion,we candrav on our surfacesnale formulationfor intuitions
aboutthisforceterm. Recallthatthefirst orderterm(i.e. themembranderm)in thesurface
snale formulationminimizesthe lengthof the snale. Writing out just thefirst orderterm
we have:

Finicnu(v(s)) = | vaf? ds (5.2)

The varioustermsare usedto meanthe samequantitiesthey did in section3.6.1. In our
currentcontext, we interpretv (s) to beaniso-cune of the springmeshand ;¢4 t0 be
the internalenegy of theiso-cune. As explainedin section3.6.1,the discretizedvaria-
tional formulationof this equationgivesrise to a singleresultantforce thatmovesa point
to the mid-pointof its two neighborsalongthe curve. Computingthis for an “up-dowvn”
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iso-curne we obtainthefollowing:

Froir—ua(P) = Force(P,,, P) + Force(Ppuwn, P) (5.3)

We obtaina similar expressionfor the otheriso-cune passingthrough P. The resultant
forcedueto parametridairnesss therefore:

Ffair<P) - Ffairflr(P> + Ffairfud<P)

We notethatthe parametriadistortionis thereforeminimizedby moving the point P to a
positionthat minimizesthe enegy correspondingo a setof springsconsistingof P and
P’simmediateneighborsalongbothiso-cunesthatpasshroughit i.e.

Foir = Force(P,,, P) 4+ Force(Pyoun, P) + Force(P. s, P) + Force(Pign, P)

In this senseour regular surfacegrid behaeslik e network of springsthatareconstrained
to the polygonalsurface.Our useof the phrasé‘spring mesh”to describeour surfacegrid
wasmotivatedin partby thebehaior of our surfacegrid undertheeffectsof theparametric
fairnes<riterion.

5.5.3 Relaxationusingthe arc length and fair nesscriterion

Thelasttwo sectionsexplainedhow to computethe force on anindividual springpoint P
basedn our two parameterizatiorulesof arclengthandparametridairness.Thepoint P
is now movedaccordingo aforcegivenby aweightedsumof thearclengthforce F,,..( P)
andparametridairnesgorce F'y,;(P).

F’r‘esult(P> = o * Ffair(p) + B * Farc(P> (54)

The relatve weightsof thesetermsare assignedas follows. We starteachiteration
with a higherweight for the arclengthforce (i.e. « = 0 andg = 1). As theiteration
progressewe graduallyreducetheweightof thearclengthtermandincreasehe effect of
thefairnesgerm(i.e. « = 0.5, § = 0.5). The parametridairnesgorceis meantmainly
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asa regularizingforce. Its purposes to createa minimal parameterizatiothat obeys the

otherrules. As suchthe springmeshrelaxationshouldbe guidedmainly by thearclength

parameterizationule. Our weightingof the relative effectsof the arclengthandfairness
forcesis basednthisintuition. In practice this stratgyy hasprovedto producesatishictory
results.

Note that we have usedonly Euclideanforcesin our relaxationstep,i.e. forcesthat
representhe vectorjoining the two springpointsunderconsideration.A relaxationstep
basedourely on Euclidearforcesis efficient but not guaranteedio alwaysgenerateobust
results. Figure 5.5ashowvs an examplewhereEuclideanforcesalonefail to producethe
desireceffect.

An alternatve to usingEuclideanforcesis to computegeodesidorces Thesearesim-
ply forcesthatarecomputedalongthesurfaceof themesh.Geodesidorceswould produce
the robustandcorrectmotion for the springpointsin the above case. Therefore ,oneap-
proachto solvingthe problemexemplifiedby figure5.5a,would beto usegeodesidorces,
or approximationshereof,in therelaxationstep(insteadof Euclidearforces).Howeveras
discussedh chapter3 computingdiscretepolygonalgeodesicss anexpensve proposition
sincethe fastestlgorithmfor pointto point geodesicss O(n?) in the sizeof a polygonal
patch[Chen& Han1990]. Evenapproximationgo geodesicsuchasthosethatarebased
onlocalgraphsearcheareO(n) andwould betoo expensveto performateveryrelaxation
step(for every forcecomputation).

Springmeshsubdvision alleviatesthe problemmotivatedby figure 5.5b: we createa
new springpoint £,,,;4—,.in: thatlies onthe surfacehalfway between”1 and P2. This new
point generatesiew Euclideanforcesactingon the original points, moving themtowards
eachotheronthesurface.

5.6 Subdividing the spring mesh

Springmeshsubdvision is basedon a graphsearchandrefinementalgorithm. Our sub-
division algorithmis basedon a procedurethat, givenary two springpoints P1 and P2
computesa new facepoint £,,;; atthe mid-pointon the surfaceof the two springpoints.
We call this procedurd=indMidPoint(P1, P2, F,,;s). Thedetailsof theimplementatiorof
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y P
v ' mid—point

(a) (b)

Figure 5.5 This figure shavs a casewhererelaxationalonefails to move a springmesh
point in the desireddirection. In eachcaseF representghe force on P1 from its right
neighborandV representtheresultingdirectionof motion. Thedesiredmotionof the point
P1 isinto thecavity. In (a) justthe oppositeoccurs;the pointsmave apart. (b) shavs how
thiscasds handledyy subdviding thespringmeshalongthesuriace.Seethetext for details.

this procedureareasfollows:
1. Findthetwo closesiverticesvl andv2 on P1 and P2’sfaces.

2. Computea greedygraphpathfrom v1 to v2. The mid-pointof this pathsenesasa
first approximatiorto 7,,;;’'s location.

3. Refinethis locationby letting the forcesgiven by Force(P1, P,,;;) and Force(P2,
Pp.iq) acton P,,;4, moving it to anew positiononthesurface.

Note that the last stepin the subdvision processs simply the applicationof a fairness
forcelocally at the point P,,;; to make the curve sectionformedby P1, P2 and P,,;; as
tight as possible. Subdvision along boundarycurvesis basedon a static resamplingof
ourfacepointcurve representatiorthesepointsarenever movedduringtherelaxationand
subdvision steps.

Basedon the above algorithm, the subdvision algorithm uniformly subdvides the
springmeshin both parametriadirections. Note that sincethe aspectratio criterion was
enforcedat thetime the springmeshwascreatedit is maintainedhroughsuccessie sub-
divisionsof the springmesh.
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Our coarse-to-finstratgy thusworksby iteratingbetweerarelaxationstepanda sub-
division step. An issuestill to be addresseds the terminationcriterion for this iteratve
process.As explainedearlier we would like our springmeshat the highestresolutionto
represena faithful re-samplingof the polygonalpatch. For this to occurour springmesh
mustcaptureall thefine surfacedetailin the original polygonalpatch. Recallthat, a fun-
damentalssumptiorof our re-samplingstratgy wasthatthis surfacedetailis uniformly
distributed (or at leastequallylikely) over the surfaceof the polygonalpatch. Sinceour
springmeshuniformly sampleghepolygonalsurface a conserative stratey for capturing
all the surfacedetail presentin the original patchis to useat leastasmary springpoints
asmeshvertices. Thuswe terminatespringmeshsubdvision whenthe numberof spring
pointsis comparableo thenumberof verticesin theoriginal polygonalpatch.As notedin
section5.2 this terminationcriterionis a conserative one. A moreaggressie stratey for
terminatingspringmeshsubdvision might beto quantitatvely measurghe cumulatve er-
ror betweera reconstructiorof the springpointsandthe underlyingpolygonalsurface.In
practicewe have foundour conserative terminationcriterionto work well in aninteractve
setting.

5.7 Discussion

The springmeshegyeneratedy the algorithmdescribedn the previous sectionare min-
imally distortedwith respectto aspectratio and arc lengths. In additionthe parametric
fairnesscriterion ensureghat the springmeshegepresentminimal enegy parameteriza-
tions (in the sensedefinedearlier)giventhe otherconstraints.In practicewe have found
thatourresultingspringmeshesave low areadistortionaswell. As explainedearlier our
subdvision andrelaxationcriteriaenforcethis at leastpartially. An exampleof this prop-
erty is evidencedby a parameterizedectionof the Armadillo’s leg shavn in figure 5.3.
Notethatwe do not guaranteeminimal areadistortionfor our parameterizationdndeed,
asdiscussedn section5.1it is not alwaysdesirableto producea minimal areadistortion
parameterizatiofor arbitrarily shapegolygonalpatches.

Our consenrative terminationcriterion for spring meshsubdvision ensureshat our
springmeshesredensesnoughthatthey capturehefinestsurfacedetailsof the polygonal
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Figure 5.6. Thefiguresummarizesvith anexampleour strat@y for resamplinga polygonalpatchinto aregulargrid. (a)
shaws the original polygonalpatch(theright leg from the Armadillo modelin figure 1.1). This particularpatchis cylindrical
andhasabout25000vertices.(b), (c), (d) and(e)shaev atriangulatecandsmoothshadedeconstructiorof the springmeshat
variousstagef our re-samplingalgorithm.We omit thelinesfrom (e) to preventclutter A detailof thespringmeshin (e)is
shavn in (f). (b) shawvs theinitial guessfor v andwv iso-cunes(under4 seconds)Notice thatthe guesss of a poor quality.
(c) shaws the meshafterthefirst relaxationstep(underl second)(d) shavs the springmeshat anintermediatestage aftera
few relaxationandsubdvision steps(under3 seconds)(e) shawvs thefinal springmeshwithoutthe springiso-cunes. Notice
how the fine detail on the leg wasaccuratelycapturedoy the re-sampledyrid. This entireresamplingorocesgook about20
secondsAll timesareona250Mhz Mips R4400processor
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patchesThis,combinedvith theminimaldistortioncharacteristicef our parameterization
effectively satisfythe two qualitative criteriawe proposedn section5.1.1i.e. our param-
eterizationarebothminimally distortedaswell asrepresena faithful re-samplingof the
polygonalpatch. It is in this sensethat our spring meshesalsorepresent high quality
parameterizatioof the underlyingpolygonalpatches.

Ourcoarse-to-fingriddingalgorithmhasseveraldesirablepropertiegshatmale it prac-
tical andusefulin the context of aninteractve surfacefitting system.First, the coarse-to-
fine natureof ouralgorithmmalkesit efficient. Theaveragecostof therelaxatiorandsubdi-
vision stepsof our algorithmareO(N) in the sizeof the polygonalpatch.Earlierpolygon
meshparameterizatioalgorithms(e.g. the algorithmof Eck et al [Eck & Hoppel996])
run anorderof magnitudeslower (O(N?)) thanthe onewe have describedabore. Thede-
tails of the compleity analysisfor our relaxationandsubdvision algorithmsaresupplied
in section5.8.

A secondadwantageof our parameterizatiostratgy is that althoughour algorithm
is completelyautomatedjt can be effectively controlledand directedby the user For
example theusercanpausehealgorithmatacoarseresolutionof thespringmeshto view
theintermediateesults.|If desiredthesecoarserspringmeshesanbe usedimmediately
for surfacefitting purposesThisis ausefulpropertyof our systemgespeciallywhendealing
with large polygonalmeshesin particular subdvision to higherlevels canbe postponed
until themodeldesignelis satisfiedwith a patchconfiguratiorandparameterization.

A third adwantageof our coarse-to-fingparameterizatiomlgorithmis thatit offers a
flexible framavork within which to addfurther constraints¢o the parameterizationFor
example,in section5.10we discussa powerful setof constraintsalledfeature curvesthat
theusercanemploy to createarbitrarily complex parameterizations.

Finally, our parameterizatiostrategy hasusefulimplicationsfor the later surfacefit-
ting procesqi.e. the griddeddatafitting process).Specifically oncea springmeshhas
beengeneratedthe griddeddatafitting processs fast(seechapter4 for details). Further
more, since our spring meshesare generatednly onceper patch(i.e. no further patch
re-parameterizatiois required) the usercanchangetheresolutionof the fitted splinesur
faceandthe systemrespondsat interactve rateswith the fitted results. Systemghatiter-
atebetweerfitting andre-parameterizatiotypically cannotrespondat theseratesandare
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thereforeunsuitablefor usein aninteractve setting. Overall, we have found our pipeline
to be a usefulinteractve tool for a modeley especiallywhenhe or shewishesto explore
the designspaceof tradeofs betweenexplicitly representedieometryanddisplacement
mappedietail. We discusdurtherdetailsof this aspecbf our surfacefitting pipelinein the
next two chapters.

As discussedn chapter2 thereare other schemeghat may be usedto parameterize
irregular polygonmeshes.In particulay the harmonicmapsof Eck et al[Eck et al. 1995]
produceparameterizationsor meshverticeswith low edgeand aspectratio distortions.
However, the schemeéhastwo maindravbacksfor our purposesFirst, it cancauseexces-
sive areadistortionsin parametespacegspeciallyin theinterior of the patch.Secondthe
algorithmemplg/s an O(V?) iteration(in the size of a polygonalpatch)to generatdinal
parametevaluesfor verticesof the meshandno usablentermediatgparameterizationare

producedAs pointedoutin thediscussiorabove, we have foundintermediatgparameteri
zationsusefulin aninteractve system.Finally, our algorithmallows for a powerful setof
userdefinedconstraintsn theform of featurecurveswhich canbeusedto createarbitrarily
comple andcustomizablgarameterizationd he parameterizatiotechniqueof Eck etal
doesnot offer theability to specifysuchconstraints.

5.8 Algorithm complexity

In the following discussionye assumehatthe sizeof the polygonalpatchis N (i.e. the

numberof verticesin the patch). Theinitialization costfor our coarse-to-finestratgy as

explainedearlieris O(Nlog N). We initialize the springmeshat a low (constant)reso-
lution. Our subsequentoarse-to-fineiteratve parameterizatiostrategy hastwo distinct

steps:springmeshrelaxationandsubdvision. We considerthe cumulatve computational
costof eachof thesestepsan turn.

5.8.1 Relaxationcost

A reasonableneasureof computationatostfor therelaxationstepis the numberof itera-
tive stepsrequiredto reachthe final stateof the springmesh.Unfortunately thisis notan
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easilyquantifiablemeasuresincethe pathfollowedby a springpointin reachingts mini-
mum enegy positionis highly dependanon the geometryof the polygonalpatchaswell
astheinitial positionof the springpoint. To overcomethis difficulty we useasa measure
of costthe cumulatve distance(on the surface)moved by all the spring points. At each
level of subdvision, eachspringmeshpoint musttraversesomefraction of the polygons
in a polygonalpatchasit relaxes. Sinceour initial guessendsto be of a poor quality, in
the worst casea spring point might traversea significantfraction of the polygonalpatch.
Thereforein the worst case the costof this relaxationdependdinearly on the size of the
polygonalpatch N. It obviously also dependson the size of the spring mesh. If these
two wereequal,aswould occurif we immediatelysubdvidedthe springmeshto thefinest
level, thenthe costof runningtherelaxationwould be O(N?).

If, however, we emplgy the coarse-to-finetratgy describedn theforegoingsections,
then at eachsubdvision level, four times as mary spring meshpoints move as on the
previous (coarser)evel, but they move on averageonly a fractionasfar. Let usassume
that this distanceis a fraction 1/F' of the distancemoved at the coarserlevel. Let the
distancemoved by the spring points at the coarsestesolutionof the springmeshbe D.
If this resolutionof the springmeshhas K spring pointsthenthe cumulatve costof the
relaxationstepover all subdvisionlevelsis givenby the expression:

D D . D
etaw = KD + 4K = + 42K — + ...+ 4MK— 5.5
Crei HAKE + 4K+ i (5.5)

wherethe numberM is choseraccordingio our terminationcriterion. The criterion states
thatthe final numberof springpoints4* K shouldbe comparabldo the numberof mesh
verticesin thepolygonalpatchi.e. N. Therefore,

N
M =log,—
TS
For conveniencdet usrewrite equations.5in theform:

Crelaa: = KDS(F) (56)



CHAPTERS5. GRIDDED RESAMPLING 113

where A A A
o - _2 _M
S(F)_1+F+(F)+...+( )

Let us now evaluatethe cumulatve costof the relaxationstepbasedon the values

(5.7)

takenby F'. Sincel/F representshe fraction of the distancemoved by springpointsat
successiely finer resolutionsof the springmeshit measureshe relative gainsof usinga
coarsdo fine scheme.

In the worstcasespringpointsat finer resolutionamove asfar asthe pointsat coarser
resolutionsln this caseF' = 1 andS(F') thereforeevaluatego:

S(1) = 1+4+4+...+4M
41%—!—1_1
4—1

v
K

= O(N) (5.8)
Thereforen theworstcase:

CrelaI(le) = O<DN)

sincethe averagedistanceD moved at the coarsestesolutionis O(/N). This meansthat
in theworstcasethe coarse-to-fineelaxationschemas computationallyno better(at least
from the relaxationperspectie) thanstartingwith the highestresolutionof springmesh
andrelaxingthe spring meshat this resolution. Of course,in this casethe initialization
costfor creatingthe highestresolutionspring meshwould be much higher (O(Nlog N)

perspringmeshpoint, whichis O(N?log N)).

However, I is usuallymuchhigheri.e. thefiner resolutionspringmeshpointstendto

move far lessthanthe coarseresolutionspringpoints. For exampleif thefiner resolution
springpointsmove abouthalf asfar asthecoarseresolutionspringpointsthen ' = 2 and:

S(2) = 14+2+2%24+... +2M
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= O(VN) (5.9)

andtherefore
Cretae(F = 2) = O(NVN)

Similarly if the coarseresolutionspringpointsmove abouta fourth asfar asfiner resolu-
tion springpointsthen /' = 4 and:

SA4) = 1+1+12+...+1M
= M+1
= O(logN) (5.10)

and
Crelax<F = 4) = O(N log N)

In facttypically, springpointsat finer resolutiongendto move by farlessthanevena
fourth asfar asthecoarsespringpoints. Thisis becausé¢hefiner springpointsarecreated
asthe mid pointsof the coarserspringpoints. Therefore unlesspositionsof the coarser
springpointsin the finestspring meshdeviate drasticallyfrom their positionsat coarser
resolutionsthe newer springpointstendto be createdat or neartheir final positions. To
take anextremecaseconsideacompletelyflat andsquaregolygonalpatch.in thiscasethe
finerresolutionspringpointswill nothave to move atall sincethe subdvision stepensures
thatthey will be createdat their final destinationgandthe relaxationat lowestresolution
movesthe coarsespringpointsto theirfinal positions).In suchcasest' > 4 andtherefore:

S(F>4) = 1+d+d+...+d"; d<1
= 0(1) (5.11)
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and
Crelam(F > 4) = O(N>

Thusthetypical cumulatve costof the springmeshrelaxationstepis usuallyO(N) in the
size N of the polygonalpatch. Note thatin the above computationve have assumedhat
atthecoarsestesolutionspringmeshpointsmove adistance) (/N ). Thiswasaworstcase
assumptiorbecause®ur initial guessesendto be of a poorquality to begin with. A better
quality initial springmeshwould furtherreduceour averagetime compleity.

5.8.2 Subdivision cost

The cumulatve costof subdviding a givenresolutionof the springmeshis equalto the
costof subdviding eachof theiso-cunesof the coarsespringmeshandcreatingthe addi-
tional springpointsat the middle of eachpair of adjaceniso-cunesin thetwo parametric
directions.Let thetotal numberof springpointsat a givenresolutionR of thespringmesh
be K i.e.

Kr = KA® = K47

Let usfirstassumehatour polygonalpatchdoesnothave anextremelydistortedaspect
ratio. Let usconsidertheimplicationsof this assumptionlf the numberof iso-cunesin
the uw andv directions(at a particularspringmeshresolution)aren,, andn, respectrely
then:

P =n,n,

Underour assumption:

Ny ~ Ny ~ 1/ Kp

i.e. thenumberof iso-cunesin thew andwv directionsareeachO(y/Kr).

Recallthat our subdvision stratgy is basedon a greedygraphsearchalgorithm be-
tweeneachpair of adjacenspringpoints. Therefore the costof subdviding aniso-cune
is proportionalto the cumulatve numberof polygonsin a greedygraphpaththrougheach
of thespringpointsin theiso-cune. Sinceour patchdoesnot have a distortedaspectatio
this graphpathis on the averageO(v/N). It is worth noting herethat the relaxationpro-
cessassistan simplifying the subdvision: relaxationprior to subdvision ensureshatthe
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iso-cuneswe subdvide arealreadyneartheir final locations.
Thetotal costof subdvision attheresolutioni of the springmeshis therefore:

O(VN\/Kg) = O(VN\/Ko4R)

The cumulatve costof subdviding the springmesh(temporarilyignoringthe O nota-
tion) to its highestresolutionis thereforegivenby the expression:

Cisubdivide = W@mﬁ@wﬁ K042+...+\/N\/m
= JNKo(1+2" +22 ... 42"
— M(QA/I+1_1)
— WK - D
= O(VNVN)
= O(N) (5.12)

Thereforewe seethatif the polygonalpatchdoesnot have an extremelydistortedaspect
ratio the cumulative costof springmeshsubdvisionis O(V).

Let usnow considerthosecasesvhenour aspectatio assumptiordoesnot hold. An
exampleof acasewherethis canoccuris whenthepolygonalpatchis excessvely longand
thin. We mustmale the following two changego the above computation.First, the total
numberof iso-cunescould be proportionalto the numberof springpoints K i.e. either
n, ~ Kgr orn, ~ Kpg. Secondthe costof subdviding aniso-cune couldbe linearin
thesizeof thepatchi.e. if the patchis longandthin, subdviding iso-cunesin the“longer
direction”couldbe O(N).

Thereforethe subdvision costataresolutionR of the springmeshis:

O(NKpg) = O(NKy4")

Thecomputatiorof thecumulatve costof subdviding thespringmesh(ignoringthe O
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notation)now changeso:

Couwdivide = NKgA°+ NKyd' + NKy4? + ...+ NKy4M
= NKo(1+4"'+4>+...+4M)
= O(N?) (5.13)

Soif the polygonalpatchhasa pathologicallydistortedaspectatio the cumulatve costof
springmeshsubdiisionis O(N?).

5.8.3 Total cost

To summarizehe discussiorof thelasttwo sectionsthetypical costof our coarseto fine
parameterizatiostratgy in termsof thesize N of thepolygonalpatchis asfollows:

1. Initialization: O(N log N).
2. Relaxation:O(N) cumulatie cost.
3. Subdvision: O(N) cumulatie cost.

Note thatthe initialization stepof our processs more expensve thanboth the relax-
ation and subdvision together This is directly relatedto our useof Dijkstra’s algorithm
to computethe coarsejnitial springmesh. As notedearlierthis problemcould be allevi-
atedin theory by usingarecentlyproposedineartime algorithmsto performshortespath
computationn planargraphgKlein et al. 1994]. Using this algorithmwould bring our
averageparameterizatioostto O(/N). However, we have found no reportsof practical
implementatiorof this algorithm.In practiceDijkstra’s algorithmperformsadequatelyor
our purposes.

In the worst casethe lasttwo stepsareboth O(/N?). The conditionsunderwhich this
occursare:

1. Relaxation:springpointsat finer levels of the springmeshmove just asfar asthe
springpointsat coarsetlevelsi.e. we derive little or no benefitfrom relaxationat
coarsetevels.
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2. Subdvision: the polygonalpatchhasanexcessvely distortedaspectatio.

In practice,boththeseconditionsdo not occurexceptin pathologicalcases.A simplistic
alternatveto our coarse-to-finstratgy couldbeto immediatelysubdvide thespringmesh
to thefinestlevel andrelaxthe springmeshat this level. In this case sincetheindividual

spring points must now all move througha distanceO(N) aswell asthe spring mesh
resolutionatthefinestlevel is O(V), thecostof runningtherelaxationis typically O(N?).

Thusfrom a computationapoint of view the coarse-to-finestrategy is preferableto this
stratgy. As notedin section5.5.3the coarse-to-finestratgy is morerobustthana single
stepstrateyy.

5.9 A parameterization designperspectve

Giventhatthe only input suppliedby the userconsistof a setof patchboundariegi.e. a
polygonalpatch)ourautomateaoarse-to-fineelaxatioralgorithmgenerateanacceptable
(i.e. aminimally distortedaswell asfair) parameterizationA reasonablguestionto ask
of ary suchautomatedbarameterizatioschemas: whatif the automaticallygenerated
parameterizatiors notacceptabl¢o theuser?

To explore the possibilitiesraisedby this question let us re-examineour parameteri-
zationalgorithmfrom a designperspectie. In section5.1.2we posedthe question:what
parameterizatiodid theuserimplicitly designby specifyinga polygonalpatchthroughits
four patchboundariesWe arguedtherethata usercanreasonablgxpectto have designed
a spring meshthat representsa smoothand uniform blend on the polygonal surfaceof
the four boundarycurves Notethatthis is the resultthat our automaticparameterization
proceduregeneratesthe iso-cunesare uniformly spacedn boththe v andv directions
(basedon the arc length constraint)and representa smoothblend on the surfaceof the
boundarycurves (basedon the parametricfairnessconstraint). In addition, eachsurface
element(springmeshopening)is ascloseto squareaspossible(basedon the aspectatio
constraint).

With this designperspectie let us re-phrasethe questionwe asked at the beginning
of this section: whatif our (automaticallygeneratedplend on the polygonalsurfaceof
thefour boundarycurvesdoesnot createan acceptablg@arameterizationf the polygonal
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patch?As explainedin section5.1.2the designof the parameterizationf a surfacecan-
not, in generalpe automatedClearlythis situationcallsfor the userto specifyadditional
inputin the form of constraintdo the parameterizatioprocedure.Thereareseveral pos-
sible kinds of constraintsa usercould specify We discussonekind in the next section:
featurecurves. Our ability to addconstraintof the sortis indicative of the generalityand
extensibility of our parameterizatiostrateyy.

5.10 Featurecurves

We defineafeatule curveasaniso-parametricurve paintedon the polygonalpatch,i.e. it
isaface-pointurwethatstartsatany oneboundarycurve andendsattheoppositeboundary
curve. Exactlyoneiso-cune of thespringmeshis constrainedo follow this featurecurve.
This meanghatthe springpointsthatcorrespondo the selectedso-cure areconstrained
to lie on the featurecurve. During the parameterizatioprocessthe entire springmesh
is coercednto smoothlyinterpolatingthe featurecurve constraint.In generala usercan
specifyarbitrarily mary featurecurvesall of which areusedasconstraintgo the parame-
terizationprocedureFeaturecurvesareaform of scalableconstraint:in thelimit, theuser
couldin theory manuallyspecify every singleiso-cune of the springmeshto arbitrarily
customizethe patchparameterizatiorNaturally this would beanextremelylaboriousand
thereforeundesirablgrocedureandis notanexpecteduseof thefeaturecurve paradigm.
Our stratgy of usingfeaturecurvesfor parameterizatiodesignhasnotbeenattempted
previously in the surfacefitting domain. Previous work in this domainhasfocussedex-
clusively on capturingjust the geometryof the input mesh,ratherthanon the designof a
suitableparameterizationin contrasive separat¢éhetwo tasksof first designinga parame-
terizationandsecondapproximatingurfacegeometry It isworth notingthattherehasbeen
somework onparameterizatiodesignn thetexturemappinditerature[Maillot 1993,Ben-
nisetal. 1991]. While thesealgorithmswork well with regulardatasets suchasdiscretized
splinesthey canexhibit objectionablgarametriadistortionsin generalEck etal. 1995].
To auserof our system featurecurvesarea naturalextensionof the parameterization
stratgy. As discussedn the previoussection,a usefulinterpretatiorof our automatically
generatedpringmeshess asablendonthepolygonalsurfaceof thefour boundarycurves.
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The interpretationextendsin a straightforvard mannerto featurecurves. First, assume
we are givenjust the four boundarycurves andfeaturecurvesin space(i.e. thereis no
underlyingpolygonalsurface).A reasonablspringmeshbasedon thisinputis ablendin
spaceof all the curvesinvolved. This operationis referredto asskinningin the field of
parametricsurfacedesign.As such,it is a straightforvard extensionof the morecommon
Coon’s patchblend [Farin 1990]. In the presenceof an underlyingpolygonalmesh,a
reasonableesultfor thespringmeshis a smoothblendonthesurfaceof boththeboundary
andthe featue curves We usethis intuition to modify our parameterizatiomalgorithmin
the presencef featurecurves.

5.10.1 Specifyinga feature curve constraint

Featurecurves(or simply featueg may be specifiedusingexactly the samepaintingpro-

cedurethat was usedto createpatchboundariegseechapter3). Our featurecurvesare

meantto beiso-cunesof thefinal springmesh.Thereforethreeratherobviousconstraints
areimposedduringthe paintingof featurecunves:

e Featuresnustlie onthepolygonalmeshsurface.
e Featuresnustlie within the polygonalpatchbeingparameterized.

e Featuresnuststartandendat pointson opposingooundarycurves.

We imposeno further constrainton the placementf featurecurves. To specifya feature
auserpaints(onthesurface)aface-pointurve thatstartsata pointon oneboundarycurve
andterminatest a point on the opposingooundarycurve. The usermustpaintreasonable
featurecurvesto obtainsensibleparameterizationsAn exampleof anunreasonablsetof
featurecurvesaretwo u (or v) featurecurvesthatintersectwith eachotherat oneor more
points. In this casethe springmeshgeneratedy our algorithmwill fold on itself since
the featurecurvesfolded onto themselesto begin with. We leave thesekinds of design
choicedo theuserratherthanalleviatethemby addingconstraintgo our parameterization
procedure.

Imposingthefirst two constraintgi.e. thatfeaturecurveslie onthepolygonalmeshand
within a polygonalpatch)is trivial: we simply restrictthe paintingprocedureo vertices
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andpolygonsof the specificpolygonalpatch. The third constraintis imposedasfollows.
When a userpicks a startpoint for a featurecurve, we identify the closestpoint on the
boundarycurve thatis nearesto the face-point(or meshvertex) picked by the user This
selectout botha closesboundarycurve anda pointon thatboundarycurve thatis closest
to the startpoint. We implementthis operationusinga brute-forceapproachwe compute
the Euclideandistancebetweerthe userdefinedpoint to eachface-pointof eachboundary
curve andpick the closestface-point.Despitebeinga bruteforce algorithm,this operation
is rapidin practice.A graphsearchhasedalgorithmmightbe moreefficientbut in practice
it is notneededor this particularoperation.

Oncewe have determinedhestartpointon aspecificboundarycurve, wejoin thepoint
to thefirst userpicked point usinga proceduresimilar to the oneexplainedin section3.2.
The usernow paintsthe restof the featurecurve usingthe usualcurve paintingprocess.
The boundarycurve on which the end point lies is the one oppositeto the start point’s
boundarycurve. To terminatethe featurecurve, we mustadda curve sectionthatreaches
from thelastuserpickedpointto the closestpoint on this opposingboundarycurve. This
is accomplishedisinga proceduresimilar to the oneusedto computethe startpoint of the
featurecurwve. First, we find the face-pointon the opposingboundarycurve thatis closest
in Euclideanspaceto the last userpicked face-point. Second we createa curve section
betweernthetwo pointsandappendhis to our featurecurve.

Oncepainted,featurecurves may be editedusing exactly the samekind of tools that
wereusedto editboundarycurves. Theresultof our featurecurve paintingstepis a polyg-
onalpatchannotatedvith oneor moreu andv iso-cunes. Theseiso-cunesarenow used
asconstraintgo the springmeshrelaxationprocess.

5.10.2 Usingfeature curvesto guide spring relaxation

While featurecurvesarea fairly intuitive extensionof our parameterizatiostratgy from

ausersviewpoint,theresultingspringmeshesrelik ely to beevenmoreglobally distorted
thanan unconstrainegpringmesh. An exampleof the additionaldistortionintroduced
dueto featurecurvesis shown in figure 5.7.  The additionally distortedspring mesh
is the desiredresultsinceit is the the userwho hasspecifiedthe featurecurvesin the
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(@) (b)

Figure 5.7. Parametricdistortionintroducedby featurecurves. (a) shavs an alreadydis-
tortedpatchshapeandthe associatedpringmesh(shavn asa grid). Thereareno feature
cunesin this patch.Notethatthe springmeshsatisfieour threeparameterizatiorulesbut
is still distortedwith respecto area.(b) shavs the samepatchshapebut with two feature
cunesaswell (shavn asthicker curves). Notethattheresultingspringmeshis evenmore
distortedthantheoneshavnin (a).
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first place. Let us thereforere-examineour threesamplingcriteria to accommodaté¢he
distortionintroducedby featurecurves. In our discussionsve will find it usefulto usethe
notionof a springsectionanda springsub-patt. Thesearedefinedasfollows:

e Springmeshsection a setof springpointsthatlie in-betweertwo successie u or v
featurecurves.

e Springmeshsub-patt: a setof springpointsthatareboundedby adjacenfeature
curves(or boundarycurves)in boththew andv directions.

Thesetwo termsarefurtherillustratedin figurefigure5.8.

Now considerwhat it meansfor a featurecurve F,, to be the m-th iso-cune of the
springmeshin the u direction. For a givenresolutionof springmeshwhatthis meanss
thatthe particularsetof springmeshpointsthat correspondo the m-th iso-cune of the
springmesh(in the » direction)mustall lie on the featurecurve F,,. As the springmesh
resolutionbecomesiner the springmeshiso-cune correspondingo F,, simply hasmore
springpoints.All of thesespringpointsmustcontinueto lie on F,,. With thesedefinitions
in mind, let us now considereachof our threeparameterizatiomulesin the presenceof
featurecurves.

5.10.3 Modifications to the arc-length criterion

Figure 5.9 motivatesthe needfor a modificationto the original arc lengthcriterionwhen
featurecurvesarepresent.The patchin thefigure hastwo featurecurvesin the v direction
i.e. F,; andF,,. Thecorrespondingpringsectionsarelabeleds,;, S,» andS,3 respec-
tively. Let usassumdor a momentthatwe've alreadycreateda satishctoryspringmesh
re-samplingof this patch.Now considertwo iso-cunes/; andI, of thefinal springmesh
re-samplingasshown in thefigure.

First obsenre thatthe part of /; thatlies within sectionS,; hasthe samenumberof
springpointsasthe partof 7, thatlies within sectionS,;. Similarly, bothiso-cuneshave
the samenumberof springpointsin the partsthatlie within eachof sections S,, and.S,s.
Thesenumbersarenotedin thefigureasn,,i, ns.,» andn,,; respectrely.
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Figure 5.8 Springmeshsectionsand sub-patchesThe polygonalpatchshavn herehas
four featurecurves- two in eachparametriairection. The featurecurvesin the u direction
arelabeledF,; andF,; andthefeaturecuresin thev directionarelabeledF,; and F,s.

The intersection®of thesefeaturecurvesareshavn assolid circles. A springmeshsection
is a setof springpointsthatlie in-betweentwo adjacenfeaturecurvesor boundarycunes.
Thusthetwo v featurecurvesF,,; andF,,; createthreeu sectionsThesearelabeledassS,,,

Sw2 andS,3. Thus,for exampleS,; consistsof all the springpointsthatlie betweernthe
boundarycurve ontheleft and F,,; andsoon. Thethreev sectionscreateddy F,; and Fo

arelabeledin similar fashion. The numberof iso-curvesin eachsectionS;, areindicated
alongsideasn,. Thereare9 sub-patbescreatedvy the 4 featurecurvesshavn. Eachsub-
patchis boundedby four featureor boundarycures. Sub-patchesreindexed according
to the v andwv valuesof the four surroundingfeature(or boundary)curves. The central
sub-patchis thereforelabeledin the figure as Sub-path(u1, v1, u2,v2). For convenience
we will assignthe boundarycurvesu andv valuese.g. the boundarycure on the left is

assignedhevalueu0, while theoneontheright is assignedhevalueu3.
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Figure 5.9, Changego the arc lengthcriterion. The patchshavn hastwo featurecurves
F,; andF,5. Thetwo iso-cunes/; and/, thatareshavn hereeachhave the samenumber
of springpointswithin a particularsectionof the patch.Seethetext for detailson why this
factimpliesthatwe cannotsatisfyour original arclengthcriterion.

Also obsenethatthenumberof springpointsof /; within sectionS,; isindependentf
thenumberof springpointsof /; within eachof sectionsS,, andsS,; i.e. thepartsof agiven
iso-cune thatlie within differentsectionsareindependentf eachother Thisis because
eachfeaturecurwe is an actualiso-cune of the springmesh. Therefore springpointsin
onesectioncannotcrossoverto neighboringsections.This obserationimpliesthatunless
we choosethe relatve numberof samplepointsfor aniso-cune within eachsection,we
cannothopeto maintainarclengthuniformity overtheentirelengthof theiso-cune.

Let usassumehatwe computehe numberof samplepointsfor eachsectionof 7; such
that we have a uniform arc length distribution of spring pointsalong/; i.e. assumewe
have fixedthe numbersn,,;, ns,2 andng; suchthatthearclengthcriterion holdsfor 7;.
Now, from the figure we notethatthe pieceof I; within sectionsS,,; is muchshorterthan
the piecein sectionS,,. Thereforein orderfor arclengthuniformity along/; atleastthe
following mustbetrue:

Nsp2 > Nyl

i.e. thenumberof springpoint of 7; within S,, mustbe greaterthanthe numberof spring
pointsof 7; within S,;.
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Now usingexactly the sameargumentdor I, aswe did for [;:
N2 < Nyl

i.e. for I, to satisfythearclengthcriterion,thenumberof springpointsof 7, within section
S,1 mustbegreaterthanthe numberof springpointsin sectionsS,,.

Clearly the two requirementsnferredfrom the figure arein contradiction. This indi-
categhatin thepresencef featurecurveswe cannotin generabatisfyouroriginalcriterion
for arclength. Thuswe cannotensurethatan arbitraryiso-cune will uniformly sampled
overits entirelength. However notethatwithin a particular sectionwe canin factachie/e
auniform arclengthfor eachiso-cune, This obsenationformsthe basisfor our modified
arclengthcriterion:

e Arc lengthuniformity. the springpoint spacingalonga particulariso-cune should
beuniformwithin eachpieceof theiso-cunethatis within a springmeshsection(or
sub-patch).

Notethatanalternatormulationcouldhave beento allow for acertainminimalarclength
non-uniformitywithin eachsection. An exampleof sucha schemes onethatblendsarc
lengthnon-uniformityacrosseaturecurves. This couldbe a usefulmodificationfor some
applicationsput we have found our methodto work well in practice.

5.10.4 Modifications to the aspect-ratiocriterion

The parametricdistortioninducedby featurecurves affects our aspectratio criterion as
well. In this caseour original criterionis compromisedy the factthateachspringmesh
sub-patchdictatesits own preferredaspectatio. Sincewe have atensorproductparame-
terizationthesepreferredaspectatiosconflictwith eachother Take for examplethe patch
andfeaturecurve setshavnin figure5.10. We have labeledfour springmeshsub-patches
in thefigureas Sy, Ss, Sz andS,. S, andS; aretall andthin (i.e. moreresolutionin the
v direction)while S, and S, areshortandbroad(i.e. moreresolutionin the u direction).
Sincewe have a tensorproductparameterizatiorb; and S, have the samenumberof u
subdvisions,asdo S, and S;. Thesenumbersarelabeledasn,,; andn,,, respectrely.
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Figure 5.10 Modificationsto the aspectatio criterion. The text explainswhy, becausef
this particularsetof featurecunes,theaspectatio criterionasdefinedearliercannolonger
be satisfied.

Similarly, S; and S; have the samenumberof v subdvisionsasdo S, and S;. These
numbersarelabeledn,,; andn,,; respectiely. It is straightforvardto shav thatit is not

possibleto satisfythe aspectatio criteria of all four of thesesub-patcheslLet usassume
thatwe wereableto satisfytheaspectatio criterionfor eachof thefour sub-patchesSince
S, is tall andthin we have the equation:

n
sv3 =1l+a; ag >0

Nsul

A similarargumentfor eachof Sy, S3 and.S, givesusthefollowing equations:

Nsu2

=14ay as >0
Nsv3
n
svl :1+a3 O[3>0
Nsu2
n
sul =1l4a4 ag>0

Nsv1
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Takinga productof theleft andright handsidesof thesefour equationgyivesus:

Msv3 Msu2 Msvl Tsul o H4 (
=1,

1+ Oéj) o > 0
Nsul Nsv3 Nsu2 Nsol

I = H?=1(1 +a5) o >0

whichis clearly a contradictionsincethe right handsideof the equationis strictly greater
thanl.

We concludethat, in generalit is not possibleto simultaneouslhsatisfyall the aspect
ratio constraintcreatedoy a setof featurecurves. Unfortunatelyunlike the the arclength
criterion, thereis no reasonableubsetof the aspectratio criterion that we canhopeto
satisfy Therefore,we chooseto presere our goal of aspectratio uniformity with the
additionalcaveatthatin generalit is not possibleto attainoptimal aspectatiosfor every
singlesub-patchin otherwords:

e Aspectratio uniformity. the spacingalonga u iso-curne shouldbe the sameasthe
spacingalonga v iso-cune for every springmeshsub-patcho the extent feasible
within the constraintsmposedby thefeaturecurves.

This is aweakcriterionat bestandthis is reflectedin ourimplementatiorstratey for
this criterion: we keepthe decisionregardingthe bestinitial aspectatiosto theuser

5.10.5 Modifications to the fair nesscriterion

Let usturn now to our parametridairnesscriterion. Recallthatthis termwasintroduced
asaregularizationtermto createa parametricallyfair springmesh.Thetermmakeseach
iso-cune astight (or minimal length) as possiblegiven the othertwo constraints. We

would lik e our parameterizationt® alwayspossesshis propertyregardlesof the number
of constraintsadded. Figure5.11 shaws the differencesn the fairnesscriterionin the
presencef featurecurves. If we considerary singleiso-cune (/; or I in thefigure)asit

passeshroughseveralsectionswve notethattherearetwo kinds of fairnesghatwe would

like to ensureor theiso-cune:
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Figure 5.11 Theparametridairnes<riterionin the presencef featurecurves.
1. Parametridairnesswithin a springsection.
2. Parametridairnessattheinterfaceof two adjoiningspringsections.

Thusin thefigureshown I, is aniso-cune thatsatisfiesboth propertieswvhile 7, doesnot
satisfyproperty2 i.e. I, is un-fair at the junctureof two sections.Our statemenbf the
fairnesscriterion however neednot changesincefor aniso-cune to be of minimal length

in the presencef featurecurvesit mustautomaticallysatisfybothof the propertiesabove.
Therefore:

e Parametricfairness Every u andv iso-cune shouldbe of the minimum possible
lengthgiventhefirst two criteria.

5.11 Featurecurves:animplementation

To summarizeywe have proposeathangeso eachof ourthreeparameterizatiorulesin the
presencef featurecurves. Thechangesre:

e Thearclengthcriterionholdswithin a springsectionbut not globally.

e The aspectratio criterion hasbeenwealenedto statethat the criterion holds only
whereit is feasible(giventhe constraintsmposedby thefeaturecurves).
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e The parametridairnesscriterion staysthe sameas before. The main differenceis
thatour implementatiormustconsiderfairnessboth within a springsectionaswell
asattheinterfaceof two adjoiningspringsections.

Fromanimplementatiorperspectie eachspringmeshsub-patchessentiallypehaeslike
an independenpatchexceptfor the parametric fairnessconstraintwhich is propagated
acrossfeaturecurvesto neighboringsub-patches.Intuitively then, featurecurvesact as
semi-permeablpatchboundarieghatonly let the parametridairnes<riterionthroughto
neighboringsections.

In this sectionwe describemodificationsto our earliercoarse-to-fingparameterization
stratgy in the presencef featurecurves. Our discussiorns in four parts.First, we discuss
changego fundamentakpringpoint datastructureso accommodatéeaturecurves. Sec-
ond,we discusshow to initialize a springmeshbasedon a setof featurecurves. Third, we
examinethe modificationsto the springmeshrelaxationprocess.Finally, we explain the
changedo our springmeshsubdvision step.

5.11.1 Data structure changes

Thusfar, theonly constrainton our springpointswasthatthey shouldlie on the surfaceof

the polygonalmeshi.e. a springpoint wasjust a face-point.With the additionof feature
curves, additionalconstraintanustbe imposedon spring points. Thesechangesnerely
accountfor thosespring pointsthat are either constrainedo featurecurvesor lie at the
intersectiorof two featurecurves. Figure5.12motivatestheseadditionalchanges.

First considerthe face-pointghatlie at the intersectionof two featurecurves. Since
eachof the featurecurveseventuallycorresponds$o aniso-cune of the springmesh,the
intersectionof two curves must correspondo a spring point. Sincethe featurecurves
do not shift positionduring the parameterizatioprocedureneitherdoesthis intersection
springpoint. We call suchimmovablespringpointsandors or andor springpoints In
figure5.12thespringpoint P; correspond$o sucha point. Notethatall springpointsthat
lie onboundarycurvesareeffectively anchorssincethey never move duringrelaxation.

Now considerthosespringpointsthatlie on afeaturecurve but not at theintersection
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Figure 5.12 Threedifferentkinds of spring points. The figure shawvs the 2 new kinds
of springpointsthat mustbe introducedto accommodatéeaturecurves. First, the anchor
points: pointsthatlie attheintersectiorof two featurecurves. They arenever movedduring
our relaxationprocess. P1 is an exampleof an anchorpoint. The secondkind of point
introducedare the curve-points: theseare points that are constrainedo lie on a feature
cune. P2 and P4 arecurve points. P3 representanexampleof aregularface-point.

of two features.Thesepointsareconstrainedo stayon the featurecurwve at all timesdur-
ing the relaxationprocedure We call thesepointscurve spring pointsor curvepoints In
the figure P, and P; are curve points. We will find it usefulto definea function Move-
PointOnCurvefor the curve-points.We will usethis operationon curve-pointsmuchlike
we usedMovePRintOnSurfaceon face-pointsarlier AppendixA describeghe detailsof
thisimplementation.

Finally, thereare springpointsthatarenot directly affectedby the featurecurve con-
straint. Theseareexactly the pointsof the springmeshthatarent anchorsor curve points.
P5 in thefigureis onesuchpoint. Thesepointsbehae exactly asthey did in our original
unconstrainede-samplingstratgy. With thesesimplechangeto our basicdatastructures
let us now examinehow to initialize, relax and subdvide featurecurve enhancedpring
meshes.

5.11.2 Initializing the spring mesh

Ourinitialization proceduras split into two steps.In thefirst stepwe createa springmesh
thatis basedn justthe anchorpointsof the springmesh.Thisis foundby computingthe
intersection®f all pairsof u andv featurecurves. Thisinitial springmeshmightnot meet
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the requirement®f the aspectatio criterion. Therefore,in the secondstepwe subdvide
theinitial springmeshfrom thefirst stepto achieve a satishctoryaspectatio.

Ouir first stepis to computethe intersection®f eachfeature(andboundary)curve in
the u directionwith eachfeature(and boundary)curve in the v direction. Thesespring
pointsareall anchorsandconstituteour initial springmesh.Let us consideroneof these
computations.e. theintersectiorof two featurecurves;oneeachin theu andv directions.
Givenapair of ary two surfacecurves,they mayintersecin anarbitrarynumberof points.
Theintersectiongnightincludecomplex casesuchastangentiaintersectionsHowever,
we areconcernedvith amuchsimplerproblem.In our casethetwo surfacecurvesareiso-
parametriccurvesin the v andv directionrespectrely andusuallyhave onewell defined
intersection.In a tensorproductparameterizatiomvery single v iso-cure mustintersect
every v iso-cur\ein atleastonepoint.

Giventwo featurecurnvesF, andF,, procedurdntersectSurfaceCurvek(, F,) findsa
face-pointP,, thatlies on both featurecurves. Recallthatall our surfacecurvesarerep-
resentedsface-pointcurves. Therefore procedurdntersectSurfaceCurveaustcompute
the intersectionof two face-pointcurves. Note that thesecurvesneednot have ary face-
pointsin commonevenif thesurfacecurvesthey represen(i.e. sampledoin factintersect.
Evenalinear(or higherorder)reconstructiorof theface-pointcurvesis notguaranteedo
intersectin an exact, mathematicatense.Therefore,a reasonablémplementatiorof the
proceduremight beto find a point on a linear re-constructiorof the first face-pointcurve
thatis closestin i to a linear re-constructiorof the secondface-pointcurve. However,
notethatthisimplementatiorcouldyield incorrectresultsin pathologicakcases.qg. if the
face-pointcurvesareclosetogetherat certainpointsin spaceeventhoughat thosepoints
they arewidely separatedn the surface. To alleviate this problemwe restrictour closest
point computatiorbetweernhe face-pointcurvesto anintersectionneighborhoodn each
face-pointurve. Theintersectiomeighborhoods computedasfollows. First,we compute
graphpathscorrespondingo eachsurfacecurve by chainingtogethera sequencef ver-
ticesthatareeachclosesto consecutie face-pointonthe curve. Sincethefeaturecurves
follow the two iso-parametridirections,they crosseachotheron the surface. Therefore,
thecomputedyraphpathsfor the featurecurvesintersectata meshvertex. Oneachcurwe,
we useasour intersectiomeighborhooda small (constantsize) setof face-pointan the
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neighborhooaf theface-pointonthatcurve thatcorresponds$o the meshvertex.

An initial springmeshthatis basednjusttheintersectiorof thefeaturecurvesmaynot
satisfyouraspectatiocriterion. Sinceour subdvisionstepuniformly subdvidesourspring
mesh theinitial aspectatiowill be preseredin thefinal springmesh.Thesecondstepof
our initialization processs to subdvide the springmeshsectiongo achiese a betterinitial
aspectratio. As we obsenredearlier it is notin generapossibleto satisfyour aspectratio
criterionglobally. In facttheusermightdesireadistortedaspectatioin thefirst place.For
thesereasonsve allow the userto supervisehis secondstageof theinitialization process.
In our system,we allow the userto selectvely subdvide springmeshsectiongo attaina
desirablanitial aspectatio.

5.11.3 Relaxingthe spring mesh

The goal of our relaxationstepis the sameasbefore:to re-distritute springpointson the
surfacesuchthat our criteria of arc length and parametricfairnessare met. As before,
we achieve this goal by first computingforceson individual spring points (basedon the
parameterizatiorules)andseconduy usingtheseforcesto move the pointsover the mesh
surface.Theequilibriumpositionof thespringpointsminimizestheresultanforcesdueto
our rulesandthereforerepresentthe desiredminimal enegy springmesh.

Anchor pointsby definitiondo not move duringthe relaxationprocedure Let uscon-
sidertherelaxationbasedorcesfor theothertwo kindsof face-pointsregularspringpoints
andcurve-points.

Relaxationfor regular spring points remainsexactly the sameas before (see sec-
tion 5.5.3). Theseare the pointsthat are completelywithin a spring sub-patch. Since
all forcesarecomputedocally, thesepointsdo not interactdirectly with the springpoints
of otherspringsub-patchesThey interactwith oneor moreof the otherspringpointsin the
samespringsub-patclor with theanchorsor curve-pointson boundingfeature(or bound-
ary)curwes.In bothcasestheforcesonaregularspringpointsmaybecomputedn exactly
thesamefashionasthey wereearlier

Let usnow considerthe curve-points.By definitionthesepointsareconstrainedo lie
on the featurecurves. Therefore ary forceson themwill move themonly on thefeature
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curwe itself. As mentionedearlierfeaturecurvesactassemi-permeablbéoundariesthey
propagatdairnessacrosseighboringsub-patchebut not arclength. Therearetwo kinds
of forcesactingon the curve-point: aforce basedn parametridairnessanda forcebased
on arclength. To illustratehow theseforcesarecomputedet us considerthe curve-point
P shawvn in figure 5.13. As shawvn in the figure, P is constrainedo lie (or move) on a
v iISO-cune F,. Thetwo neighborsof P alongthe featurecurve arelabeledP,; and P,,.
SinceP, P, and P,, areall constrainedo a fixed featurecurwve F,, it doesnt make sense
to imposea fairnessconstrainon P basedn P,; andP,,.. Thisis becausave cannothope
to make thetheiso-cune of the springmeshthatcorrespondso F,, ary “tighter” than F,,
itself. Thereforethesetwo neighborsof P areusedonly in arclengthcomputations.

Now considerthe othertwo neighborsof P, labeledP,, and P,; in thefigure. Since
P lieson afeaturecurve, thesepointsbelongto differentspringmeshsectiongandthere-
fore sub-patches)Recallthatfeaturecurvesareimpermeablédo the arclengthconstraint
i.e. arc-lengthuniformity is not maintainedacrossa featurecurve. Thereforethesetwo
neighborof P arenotusedfor arclengthcomputationsWe usethemonly for thefairness
computation.

To summarizepP,, andP,;, areusedtio computeheparametridairnesdasedorceand
P, and P,, areusedto computethe arclengthbasedforce on P. Theresultantof these
two forcesmoves P to a new positionalongthe featurecurve F,. Let usturn now to the
computation®f theseforces.

The arc lengthforce shouldmove the curve-point P alongthe featurecurve F, to a
new point thatlies at the mid-point, on the curwe, of P,; and P,,.. This s indicatedin
figure5.13a.Thearclengthforceon P is thereforecomputedasfollows. Let Lz (P, P)
be a functionthat returnsthe arclengthbetweentwo points P, and P, on a featurecurve
F. If v, representthetangentvectorat P, thenthearclengthforceon P is givenby:

Farc == (LFu(Pura P) - LFu <P~ Pul))vt (514)

The goal of the parametridairnessbasedorce now is to ensurehattheiso-curne on
which P, P,, and P, lie is asfair (or “tight”) aspossible.Thiswill occurwhenthethree
pointsareascloseto beingin a straightline on the surfaceaspossible. An exampleof
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Figure5.13 Curve pointmotion. Duringtherelaxationprocessurve pointscanmave only
alongthe featurecurve on which they were created. The figure shavs the neighborsof a
cune point P bothalongthefeaturecure (P, andP,,.) andalongtheiso-cunein theother
iso-parametridirection(P,, andP,;). (a) shavsthefinal positionof the curve pointdueto
arclengthforces.(b) shavs thefinal positionof the curve pointdueto fairnesdorces.
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afinal stateof P basedon thefairnesdorceis indicatedin figure 5.13b To computethe
fairnesdorce, we mustfirst definethe forceson P dueto eachof P,, and P,,. Theseare
definedas:

F.,,=P,—P

and
Fdown = Lub — P

Thevectorsdefinedabove do notin generalie onthe surfacetangentplaneat P. Let the

correspondingectorsthatareprojectedo thetangenplaneat P beF;,, andF? Since

down*
thearclengthconstrainis not propagate@crosdeaturecurves,we arenotconcerneavith
the actuallengthsof thesevectors.Examiningthe desiredrestpositionof P onthecurve
F,, wefind thatif theunit vectorsin thedirectionscorrespondingo thetwo forcesdefined
earlierfacein oppositedirections,our fairnesscriterion will be satisfied. Accordingly if

we let theresultanbof thesevectorsonthetangeniplaneat P be:

F! F!
Ft air — - + down (5 15)
d 1L 1 Gl
andthefairnesscriterionis givenby
Ffair == (Ft air : Vt)Vt (5 16)

wherev; onceagainis thetangento thecurwe at P.

Thusthefairnessandarclengthbasedorcespull the curve-point P in potentiallydif-
ferentdirectionsalongtheiso-cune F,. Theresultantforceon P is givenby a weighted
combinationof F,,. andF f,;,.

Fresult = acuerarc + ﬁcuerfair (517)

In practicewhenour relaxationiterationstartsthe pointsarere-distributedpredominantly
accordingto the arc length criterion (i.e. oy = 1 and 3., = 0). As the relaxation
progresseprogressethe fairnesscriterionis givenincreasingwveight(i.e. a..,, = 0 and
Bewre = 1). This simple stratgy yields satishictoryresults. We have found it usefulto
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supplythe userwith the optionto interactvely vary therelative weightsof a..,,., and 3.,
duringtherelaxationprocess.

5.11.4 Spring meshsubdivision

Springmeshsubdvisionin the presencef featurecurvesis a straightforvard extensionof
our earliersubdvision process Featurecurvesprovide additionalflexibility in thata user
canselectvely subdvide individual sectionsof the patchandnot affect othersectionsn
the processNotethatit is not possibleto subdvide an arbitraryspringsub-patctbecause
ourspringmeshis aregulargrid. To uniformly subdvide a sub-patchn bothdirectionswe
mustsubdvide both sectionghatthe sub-patcibelongsto. Thisis aninherentlimitation
of thenon-hierarchicatepresentationf our springmeshandof atensorproductB-spline
surfaceratherthanalimitation of thetechniquegxplainedherein.

The subdvision processproceedsn muchthe sameway asalreadyexplainedin sec-
tion 5.6. The one nenv casewe encountemwith featurecurvesis the subdvision of an
iso-cunethatcorrespondso afeaturecurve. Thisrequiresusto find themid-pointof each
pair of adjacenturve-pointsthatlie on the samefeaturecurve. Thisis accomplishedim-
ply by finding a new springpointthatlies at the mid-pointon the feature-cure of thetwo
original springpoints.

The ability to selectvely subdvide eachspringmeshsectionallows the userto selec-
tively refineregions of the meshwheremore spring points might be needed.Since,the
fitted splinesurfacescloselyfollow the underlyingspringmeshthis effectively allows the
userto placemoresplineiso-cunesin ary section.lt is worth notingthattheregionauser
choosedo selectvely subdvide doesnot necessariljhave to be geometricallycomplec or
dense.Take for examplethe splinecontrolmeshe®f human(or humanoid)facesthatare
generatedor animation.Evengeometricallysimpleregionssuchasthe eye soclet or the
region aroundthe mouthare often representedisinga densecontrol meshto provide for
cornvincing facial expressiongParke & Waters1996]. Thusthe choiceof which regionto
selectvely subdvide is oftendomaindependanandis betterdeterminedoy the userthan
by anautomatealgorithm.
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5.12 Featurecurves:discussion

From a surfacedesignperspectie, featurecurvesarea naturalextensionto our basicpa-
rameterizatiorstratgy (section5.10). Fromanimplementatiorperspectie, featurecurves
are straightforvard to incorporateinto our parameterizatiostratgy. Althoughit is pos-
sible to createpoor parameterizationssing featurecurves, the principal benefitsof our
parameterizatiostratgy thatwereoutlinedin section5.7 continueto holdtruein thepres-
enceof featurecurves. In addition,the usercannow createarbitraryparameterizationisy
specifyingjust a few featureconstraints Figure5.14 shavs an exampleof featurecurves
in action.

5.12.1 A variational perspective of our parameterization algorithm

A usefulpropertyof featurecurvesis thata userspecifiesonly thoseconstraintghatare
importantin theirapplication.Therestof the parameterizatiors “filled in” automatically
interpolatingthoseconstraintsvith aminimumenegy (i.e. distortion)springmesh.In this
sensepur parameterizatiostratgy is similar in philosophyto variational(or free-form)
surfacedesign[Welch & Witkin 1994]wherea minimumenegy surfacegeometryis au-
tomaticallycomputedgiven a small setof userspecifiedconstraints.In our pipeline,the
geometryof the surfaceis alwaysconstrainedo approximatehe original polygonmesh;
it is insteacthe parameterizationf eachpatchwhichis computedo satisfyuserspecified

constraintsFromthis perspectie, our parameterizatioproblemmaybeviewedasa vari-
ational parameterizatiordesignproblemandour specificspringmeshbasedsolutionmay
beviewedasa finite differencesolutionto this designproblem.

5.13 Results

In this chapterwe presentedh robust and efficient parameterizatioalgorithmfor irregu-
lar polygonalpatchesSeveraldesirablepropertief our parameterizatioalgorithmwere
analyzedn section5.7. In this sectionwe demonstratéhesepropertiesusingtwo practi-
cal examples:the Armadillo andthe Bofar model. Figure5.15shavs someresultsof our
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Fig ure 5.14 (a) shaws thefinal springmeshre-sampling(reconstructeastriangles)of a polygonalpatchdefinedon
the wolf’s head. This re-samplingdid not useary featurecurnes. (b) shavs a detail of this automaticallygeneratedspring
mesharoundthe wolf’s eyebravs. Note thatthe parametetinesdo not follow the curve of the eyebravs. In particular note
thatin certainregionsthe geometryof the eyebrav runs diagonalto the two principal directionsof the parameterization.
Modifying the geometryof the eyebrav usingthis parameterizatiomould bevery un-wieldy Also notethatthespringmesh
samplesare uniformly distributed over the entire polygonalmeshsurface. (c) shaws (in purple)a setof two featurecurves
thatwerespecifiedon the polygonalpatchto guidethe parameterizatiorThesefeaturecurveswereintroducedo accomplish
two goals. First, to have the springmeshfollow the curve of the eye-bravs. This changenow allows the userto controlthe
geometryof theeyebrav usingasingle(or afew adjacent)so-parametricurve. Secondye wantedio generat@ densesetof
samplesn theregion aroundthewolf’s eyes(i.e. betweerthetwo featurecurves). This changegivesthe usergreatercontrol
(moreiso-parametridines) over the geometryof the eyesof thewolf. (d) shavs a detailof thefinal springmeshre-sampling

of the wolf’s headin the presencef thesetwo featurecunes. Note that the springmeshgeneratedy our feature-dren
parameterizatioprocessatisfiesdothgoals.



CHAPTERS5. GRIDDED RESAMPLING 140

parameterizatioalgorithmsonthesemodels.Notetheuseof feature-dnenparameteriza-
tionsfor the Bofar model.

Thefirst notableaspecbf theseparameterizations thefidelity of ourfinal springmesh
to the original polygonalmodel. In figures5.15(a)and (c) we have shavn split views of
the two models. In both caseghe left half of the modelis a triangularreconstructiorof
the springmesh. Theright half of the modelis the original polygonaldata. Note thatthe
triangularreconstructiorof our springmeshis indistinguishabldrom the original polygo-
naldata.A moredetailedexampleof thefidelity of our springmeshre-samplingalgorithm
wasshaown earlierin figure5.6.

Thesecondotableaspectbouttheparameterizationsf the Armadillo andBofaris the
rapidity with which the parameterizationaerecreated.The Armadillo hasabout350,000
polygonsand 104 patches. The final griddedre-samplingof the entire Armadillo took
under8 minutes(the figure shaws just half of the final springmeshes)rhe Bofar model
hadabout450,000polygons.It had12 patchesand 33 boundarycurves. In additioneach
patchhadoneor morefeaturecurvesthatwereaddedto it. Thesepatchesandboundary
curveswere carefully placedto allow for subsequenanimation. The entire springmesh
re-samplingook under2 minutesfor this setof patchesAll computationsveretimedon
aMIPS 250MHz R4400processarlt is worth notingthatin boththesecasesthe precise
positioningof boundaryand featurecurvestook significantly more time thanthe actual
parameterizatioprocesstself (seechapter3).

NotethatdespitehefactthatBofar hasalargernumberof polygonshanthe Armadillo
it haslessgeometricdetail. Thereforeour terminationcriterion generatespring meshes
thatcontainmorespring pointsthanarestrictly necessaryHowever notethat neitherthe
speedof our algorithmnor the quality of our resultsare compromisedasa resultof this
consenrative terminationcriterion.

A third notableaspectaboutthe parameterizationsf the modelsshown is that they
wereconstructedn aninteractve ervironment. Our algorithm’s coarse-to-fingelaxation
stratgy wasinvaluablein this environment. The modelercould pausethe relaxationat
a coarserresolutionand make modificationsto the input (suchas modifying boundary
curvesor addingfeaturecurves)and preview resultsat interactve speeds.This dynamic
userinteractionwould not have beenpossiblewith a static (i.e. slow) parameterization
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scheme.

Theability to interpolatea few (important)featurecurvesandautomaticallyfill in the
restof thespringmeshjs auniqueandusefulability of our parameterizatioalgorithm.For
example,the Bofar modelshown in figure 3.17bwasconstructedo meetthe needsof an
animation.Notetheuseof featurecurvesto guidetheparameterizationf themodel. These
featurecurveswerespecifiedo matchcertainanatomicatharacteristicef themodel.Note
thatonly a few key featurecurveswere neededo specifythe requiredparameterization
(seefigure 3.17b). Our featuredriven parameterizatioalgorithmautomaticallycreateda
parameterizatiothatinterpolatedhesefeatureconstraints.The figure shovs an example
of thechangesnducedby the featurecurve constraint.
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(c) (d & e)

Figure 5.15 (a) shaws a split view of the Armadillo model. The left (bright green)half of the modelis a smooth
triangularreconstructiorof our final, perpatchspringmeshegaboutone-halfof 104 patchesareshavn here). Theright half
(gray)of themodelis the original polygonalmesh.We have omittedthe patchboundarylinesfrom thisimageto avoid clutter
A detailof someof the Armadillo springmeshestalowerresolutionis shavn in (b). Thespringmeshrelaxationprocessook
under8 minutesfor the entire 104 patcheqof which only half areshavn here).(c) shavs a similar split view of Bofar. Only
theleft half of Bofar was“patched”. The springmeshrelaxationprocesgor the 12 patchegook under2 minutes.All timings
weretakenon a MIPS 250 MHz R4400processor(e) shavs a detail of the springmeshesroundBofar’s chestandshoulder
regionsatanintermediatestageof theparameterizatioprocessNotehow thefeaturecurves(seefigure3.17for theplacement
of Bofar’s featurecurves)on Bofar affect the flow of springmeshiso-cunes. For comparisorwe have shavn in (d) thesame
setof springmeshegat similar resolutions)whenfeaturecurveswere not used. The parameterizationgeneratedn (d) are
notincorrect.In factthey areperfectlyacceptabldor surfacefitting purposesBofar’s featurecurve driven parameterization
wascreatedfor purposef animation,to matchcertainanatomicafeatures.Notice thatfor both models,the springmesh

re-samplingaccuratelycaptureghe detailpresentn the original polygonmesh.In the next stepof our surfacefitting pipeline
wefit B-splinesurfacesto thesespringmeshes.



Chapter 6
Spline surfacefitting

Onceour input polygonmeshhasbeenparameterizedhe next stepin our pipelineis to
fit a combinationof spline surfacesanddisplacementnapsto the parameterizegurface.
As explainedin chapterl, the spline surfacecaptureshe coarsegeometryof the surface
while the displacemenmap capturesine detail. The resolutionof the spline surfaceis
chosenby the userandboth the spline surfaceandthe associatedlisplacementnapare
automaticallydeterminedbasedon this resolution. In this chaptemnwe devote oursehesto
thediscussiorof how the B-splinesurfacefit is obtainedoncethepolygonalpatchhasbeen
parameterizedWe discusghe computatiorof displacementnapsin thenext chapter
Oncewe have generatedhefinal springmeshesve couldusethemin oneof two ways:
first, we could usethe springmeshto assignparametewaluesto the meshverticesand
proceedvith atraditionalnon-linearoptimizationstratey to fit to the meshvertices(since
themeshverticesaredistributedirregularly on the polygonalsurface).A secondapproach
is to fit our surfacesdirectly to the springmesh.As explainedin chapte we have chosen
to usethesecondapproach.e. we fit our B-splinesurfacesdirectly to thespringmesh.We
aremoreinterestedn anapproximatiorto the meshsurfaceitself ratherthanjustthemesh
vertices.As suchif thespringmeshis afaithful re-samplingof the polygonalsurfacethen
fitting to the springpointsdoesnot compromisehe quality of our fitted B-splinesurface.
As theresultsfrom the previous chapterdemonstratethe springmeshegeneratedby our
coarse-to-fingyridding algorithm do in fact satisfy the requirementdor surfacefitting.
Furthermoreasexplainedin chapter, fitting to the springmeshis computationallynore
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efficient.

Thischaptedescribesiow we obtainaB-splinefit of agiven(userspecifiedyesolution
from our spring mesh. We begin (section6.1) by first characterizingour approximation
measure. In particularwe addresghe issueof what it meansfor a B-spline surfaceto
reasonabl@pproximate setof datapoints. Section6.2thendiscussesur specificsurface
fitting implementation.We then concludethis chapter(section6.3) with someresultsof
our surfacefitting algorithmanddiscussts usefulpropertiesn aninteractve setting.

6.1 Characterizing an approximation measure

Our fitting functionis a uniform tensorproductB-splinesurfaceof afixed, userspecified
resolution.The datasetwe arefitting to is the springmeshwhichis aregulargrid of face-
points. The goal of thefitting processs to assignpositionsin $* to the B-splinesurface
control verticessuchthat the resultingspline surfaceis a “reasonableapproximation”to

the springmesh. As suchthereare several approximationstrategjiesthat could meetthis

criterion.

A simplestratgy is to sub-sampleéhe spring meshpoints and usetheseasthe edit
points[Forsey & Bartels1988]of a B-splinesurface.Thisis clearlysomekind of approx-
imationto the springpoints. However it is a poorone. Signalprocessingheorysuggests
thatsub-samplingandreconstructior(in our casetensorproductB-splinereconstruction)
of a datasetcan producean aliasedversionof the surfacethat the datasetis meantto
representOf coursetherearereasonablstratgiesin the signalprocessinditeraturethat
overcomesuchaliasingproblemsandthesecouldbeappliedto alleviatethe problemswith
this simplistic solution. However, suchmodificationsinvolve smoothingout the spring
mesh, potentially losing surface detail that would otherwisehave beencapturedby the
splinesurface.Thereforesucha stratey is notacceptabléo us.

Insteadwe seeka B-splinesurfaceoutputthatrepresentshe bestpossibleapproxima-
tion to thespringmeshfor agiveninputcontrolvertex resolution.In otherwordswe would
like our fitting methodto minimizethe error of fit betweerthe approximatingB-splinesur-
faceandspringmesh

Recallthat the griddeddatasurfacefitting problemcanbe framedin the form of an
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over-determinedinear systemof equationgchapter4, section4.3.2). It is a well known
factthatfor sucha systemthe leastsquarespproximatiorminimizesthe error of the so-
lution [Strang1986]. Therefore we have chosera leastsquarespproximatiorstratgy to
solve our surfacefitting problem. As such,this is a well studiedapproximatiortechnique
andhasfoundusein avarietyof applicationdomains.For a generaldiscussiorof theleast
squareapproachandits numericalnuanceseelLawsons bookon the subjecfLawson&
Hansonl974].

6.2 Leastsquaressurfacefitting

Leastsquarditting to the springmeshis accomplishedh two steps.
1. Assignparametevaluesto the springpoints.
2. Performagriddeddatafit to the springpoints.

Parametewnalueassignments a trivial operationsincethe springmeshis a regular grid.
Valuesareassignedy steppinguniformly in parametespaceaswe move from oneiso-
curvetothenext. Thegriddeddatafitting to springpointsnow proceed identicalfashion
to whatwasalreadyexplainedin chapter (i.e. equatior4.4).

Therearetwo notablefactsaboutthis fitting procedure.First, accordingto our com-
putationthe error of the leastsquaredit is not the cumulatve closestdistanceof every
springpoint to the B-splinesurface. Instead,it is the cumulatve distanceof eachspring
pointto thatpoint on thefitted splinesurfacewhich hasthe sameparametewvaluei.e. it is
the cumulativeparametricdistanceof the springpointsto the fitted B-splinesurface. The
mathematicaéxpressiorfor this errortermis:

Eparam—dist = ZLZJ(H Spring(u;,v;) — Spline(u;, v;) ||)? (6.1)

We call this errorthe parametricdistanceerror. An intuition for the parametriadistance
errorfor thesimplercaseof acurweis providedby figure6.1

A moretraditionalmethodfor measuringhe error of fit is the closestdistanceerror.
Sincetheclosestistanceof apointto asurfaceis measure@longthenormalto thesurface
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thiserroris alsoknown asthenormaldistanceerror. It is givenby theexpression:

Enormalfdist - ZZZJ(H Spr@ng(uu Uj) - DSpline(Spring<uia Uj)) ||)2 (62)

where Dgyine (Spring(u;, v;) is a function that returnsfor eachspring point, the closest
point from thatspringpoint to the splinesurface. The differencebetweernparametricand
normaldistanceerror s illustratedfor a one dimensionalcasein figure 6.1. It is worth
notingthatparametriaistanceerroris anupperboundon the normaldistanceerror. Thus,
if we canmale our parametrieerrorsmallenoughthenormalerrormustbe smaller

Spline surface isaurve evaluated a&ach ui

Parameterized spignmesh point:

------- » :Normal error vectofrom spring mest
— :Error vector fromspline surface

Figure 6.1 Parametricdistanceerror The error of our fit is measuredasa sum of the
magnitudesof the parametricerror vectors(shavn as solid arronvs). An alternatve error
metric is the normal distanceerror metric. This is measuredas a sum of the magnitude
of vectorsfrom a spring point to the closestpoint on the spline surface (shavn asdotted
arravs). Note thatnormaldistanceerror computationcan be expensve sinceit requiresa
searchn parametespacdor theclosestpoint onthe splinesurfaceto the springpoint.

A secondhotablepropertyof ourfitting procedurdthatarisesout of thefirst one)is that
ourleastsquareditting proceduraninimizesthe cumulatve parametridistanceerroronly
for a givenparameterizatiorof thespringmesh Whatthistranslateso is thefactthatonce
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wefix aparameterizationf thespringpoints,ourfitting procedureninimizestheparamet-
ric distanceerror However, it doesnotguaranteghatthereis no otherparameterizatioof
the springpointswhich couldresultin a smallerparametrialistanceerror.

Thisfitting methodology(for fitting to regulargriddeddata)is usedwidely usedin the
literature[Forsey & Bartels1991]. We have foundit to work satisactorily in practice.lt is
anefficientoperatiorandproduces-splinesurfaceshatcloselyfollow boththegeometry
andthe parameterizationf theunderlyingspringmesh.

If onewantedto attempta solutionthatdid indeedminimizethe normaldistanceerror,
onepossiblemethodcould be to refinethe parametewraluesof the springpointsusingan
iterative stratgy muchlik e the onedescribedor point clouds(figure 4.2). Theiteration
would alternatebetweerre-parameterizingur springpointsbasedon an intermediateB-
splinefit andre-fitting the B-spline surfacebasedon the re-parameterizedpring points.
Notethatsincethe springmeshis a regular grid andsincewe have choserto usegridded
datafitting, eachspringpointalongaw (or v) iso-cune mustbeassignedhe sameu value
(or v) value. Thereforeaniterationthatre-assignparametewaluesto springpointsmust
assignthe sameso-parametrizaluefor entireiso-cunesratherthanjustindividual spring
points. In the contet of our pipeline,arny suchfitting strategy would have to addresshe
problemof following thefeaturecurves(andin generapreservinghe parameterizatioof
thespringmesh).

6.3 Results

In summarywe fit B-splinesurfacesdirectly to the springmeshgeneratedby our parame-
terizationstratgy. Thisfitting methodhasthreemainadwantages.

e First, sincethe springmeshis aregulargrid, theleastsquareditting processs both
rapidandnumericallyrobustevenfor large springmeshes.

e Secondsincethe spring meshaccuratelyre-sampleghe original polygonalpatch,
the B-splinesurfacesproducedy our fitting procedurereof a high quality.

e Third, becausef the speedof the griddeddatafitting processthe usercanaskto
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Figure 6.2 Thefigure shaws threedifferentresolutionsof B-splinesurfacesthat approximatehe Armadillo’s leg. (a)

shaws the highestresolutionspringmeshthatis the input to our griddeddatafitting step. (b), (c) and(d) shav successely

finerresolutionof B-splinesurfacesapproximatinghis springmesh.The B-splinesurfacein (b) has12 x 14 controlvertices.
(c) has24 x 30 controlverticesand(d) has65 x 100 controlvertices.All theseapproximationsookunderasecondo compute
on a MIPS 250 Mhz R4400processor The speedof griddeddatafitting makesit usefulin a interactve setting. Note that
while the B-spline patchin (d) improveson capturingfine geometricdetail comparedo (c), it doesso at the expenseof a

considerabléncreasan control vertex density This drasticincreasen the resolutionof the B-spline surfaceis dueto the

underlyingsmoothnessf the B-splinebasisfunctionsratherthanary inefficiengy in our fitting method.Note thatary other
smoothbasisfunctionsthatshareghe B-splinebasiss smoothnespropertieswill producesimilar results.In the next chapter
we discussa moreflexible methodfor representindine surfacedetailascomparedo a densesmoothsurface.

changetheresolutionof thefitted B-splinesurfaceandthe systenrespondatinter-
active rateswith thefitted results.

Figure6.2 demonstratethesethreeadvantage®f our griddeddatafitting procedurewith
anexample. As this exampleshawvs, we may useour B-splinesurfacefitting techniques
to captureboththe coarseandfine geometryof theunderlyingpolygonalsurface(e.g. with
thesplinesurfaceshown in (d)). However, asdiscusse@arlierwe representhefine detail
in our modelsas displacemenmaps. In the next chapterwe explain how displacement
mapscanbe computedrom our polygonalmodels.



Chapter 7
Displacementmaps

Usingthetechniqueslescribedn previouschaptersit is possibleto capturethe entirege-
ometry of a polygonalmodelin the form of B-spline surfaces. However, we chooseto
separate¢herepresentationf coarsegeometryandfine surfacedetail. We fit our polygonal
modelswith a hybrid representationf B-splinesurfacepatchesandassociatedlisplace-
mentmaps.Our hybrid representatiohasseveraldesirableproperties.

Thefine geometriaetailin amodelis usuallyof little significanceduringthemodeling
andanimationof the coarsegeometryof themodel.Ratherits principaluseis in enhancing
the appearancef the modelat renderingtime. Furthermoreijts presencet the modeling
(or animation)stageof anapplicationmay degradethetime or memoryperformancef an
interactve system.

For example figure 6.2 (from the previous chapter)shavs the exampleof threediffer-
entresolutionsof B-splinesurfacethat have beenfit to a patchfrom the Armadillo’s leg.
The B-splinesurfacepatchshown in figure 6.2c capturegust the coarsegeometryof the
original polygonalpatchwhile the B-splinesurfaceshavn in figure 6.2d captureshefine
surfacedetail aswell. While the denserpatchimproveson capturingthe fine geometric
detailin the original mesh,it doesso at the expenseof a considerablencreasdan control
vertex density This makesit unwieldyto manipulateandexpensve to maintainwithin an
interactve application.In generala densesmoothsurfacerepresentatiothatincludesfine
geometricdetail is of little usefor mostinteractve modelingor animationapplications.
However, it is desirableo retainthefine geometriadetailin our original datasothatit may
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be usedatrenderingime to enhancehe appearancef themodel.

Comparedo a densesmoothsurface,our hybrid representationf smoothsurfaceand
displacemenmapallowsauserto effectively separateoarsegeometrywhich canbeused
for interactve modelingandanimationapplications) from fine surfacedetail (which can
be usedto enhancesurface appearancat renderingtime). Our proposedseparatiorof
geometryinto smoothsurfacesanddisplacemenimapscanbe usedwith arbitrarysmooth
surfacerepresentations.

Furthermore since our displacementnapsare essentiallyimages,they can be pro-
cessedre-touchedcompressedand otherwisemanipulatedusing simpleimageprocess-
ing tools. Thisis a flexible andintuitive paradigmfor manipulatingfine geometricdetail
comparedo the cumbersoménterfaceofferedby a smoothsurfacerepresentatiofor this
purpose.For example,to edit a bump or a creaseon the Armadillo’s leg with a B-spline
surface,a userwould have to first identify the control verticesthat controlledthat partic-
ular bump or creaseghenmanipulatat by pulling andpushingcontrolverticesin 3-space.
In contrastwith a displacemenimapimagethe usercanedit surfacedetailwith any stan-
dard2-D imagepaintingtool. We demonstratéhis flexibility of our hybrid representation
throughseveralexamplesn section7.6. Someof theseeffectswereachiezedusingAdobe
Photoshopa commerciaphotore-touchingorogram.

A variantof our approachto solving the inherentlimitations of smoothsurfacesfor
representingurfacedetail might be to usehierarchicalbasisfunctionssuchas hierarchi-
cal splines[Forsey & Bartels1988] or wavelet basedsplines[Gortler & Cohen1995].
While thesebaseffer a morecompactmeansof representingomple« smoothsurfaces
thanuniform B-splines the interfaceusedto manipulatesurfacedetailis cumbersomee.
the manipulationof control verticesin threespace.Therefore while hierarchicalsmooth
surfacerepresentationarereasonablalternatvesto a B-splinesurfacerepresentatiofior
representingoarsegeometrythey suffer from mary of the samedisadwantageshata uni-
form B-splinebasisdoesfor representingndmanipulatingine geometriadetail. We chose
theB-splinebasisfunctionasour representatiofor coarsegeometryover otherparametric
(including the abore-mentionedhierarchical)representationsecausef its popularityin
the CAD andanimationindustries.

The remainderof this chapteris organizedasfollows. We begin, in section7.1 by
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defininga generalmathematicaformulationof a displacemenimap. Thenin section7.2
wediscusow adisplacementapis computedasednourinputdataandapproximating
B-splinesurface. We computeour displacemeninapsasvectorfunctionsandstorethem
ascolor images. While vectordisplacementnapsare usefulfor a variety of operations,
someoperationssuchas (displacementmage) painting are more intuitive on gray-scale
images. In section7.3 we discusssomemethodsof extractinga gray-scalemagefrom
our displacemenimaps.For someapplicationdbump mapsarepreferableto displacement
mapsfor representingoarsegeometry Thesearefunctionsthatchangethe appearancef
asurfacewithout changingts geometry In section7.4 we discusshow bumpmapscanbe
computedrom our input data. Thenin section7.5 we explain onelimitation of our least
squaresurfacefitting strategy asit relatesto displacemenmapcomputation.Finally, we
endthis chapter(section7.6) with someresults.

7.1 Definitions

A displacemeninapon a surfaceis a function,usuallydefinedon the domainof definition
of the surface,that perturbsthe positionof eachpoint on that surface[Cook 1984]. Dis-
placemenmapsarewidely usedat renderingtime to addgeometricallyinterestingdetail
to smoothsurfaces. They are availablein several commercialrenderersuchas Pixar's
RendermamsystemandSoftimages MentalRayrenderer

A displacemenimap can either be a scalarfunction or a vector function. In our
discussionsve use both formulations. We usethe following formulation for a vector
displacemenmapon a bivariateparametricsurfaceF (F : #2 — R3):

A vectordisplacemenmapis a functionD : #? — R3 that, given an arbitrary point
(ug,vp) Iin parametespace returnsa vector perturbationD (ug, vy) (or displacementof

the surfacepoint F'(ug, vy).

With this definition, the displacementmapped surface is given by new function
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Fusp : 2 — R suchthat:
Fisp(u,v) = F(u,v) + D(u, v)

for every (u, v) in parametespace Notethatsincethereis norestrictionon thedirections
of thevectordisplacementghe surfacereconstructetdy a vectordisplacementnapovera
planarsurfaceis not constrainedo beaheightfield. It mayevenself-intersect.
Scalardisplacemeninapsareusuallyinterpretedasbeingalongthe surfacenormal. A
scalardisplacemenmapis a function D : ®? — R that, givenanarbitrarypoint (ug, v,)
in parametespacereturnsa scalardisplacemenD (ug, vg) of the surfacepoint F'(u, vo)
alongthe normalto surfaceat (ug, v9). The displacementappedsurfaceF 4, is given

by:

Fiisp(u,v) = F(u,v) + D(u,v)N(u,v)

whereN (u, v) representthesurfacenormalat '(u. v). In contrasto vectordisplacement
maps,scalardisplacemenmapsover a planarsurfaceare constrainedo be heightfields.
Thereforethe geometrythat canbe modeledwith scalardisplacementnapsis inherently
limited.

In our system,the obvious displacementunction relatespoints on the fitted spline
surfaceto pointson trianglesof the original polygonmesh. However, computingsucha
function(whetherscalaror vector)requirescomputingthe closespoint (or aperpendicular
projection)on the unparameterizedolygonmeshfrom a point on the splinesurface. This
isanexpensveoperation Furthermoregurfitting proceduras premisedntheassumption
thatthespringmeshis afaithful representationf theoriginalpolygonmesh.Thereforewe
find it sufficientto definea displacementunctionthatrelatespointson the splinesurface
to pointsonthe parameterizedpringmeshsurface.

7.2 Vectordisplacementmaps

Even given the simplificationof computingdisplacementnapsbasedon the parameter
ized springmesh,computinga scalardisplacemenmapsis error prone. This is because
the computationnvolvesusinga perpendiculaprojectionsfrom the spline surfaceto the
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springmesh.This computatiorcanfail catastrophicallyf the springmeshcurvessharply
away from the surface.Furthermorea scalardisplacemeninapby its very definitioncan-
not represent displacementnapthatis not a heightfield over the surface. Therefore,
if the displacementapis not a heightfield, perpendiculaprojectionwill alwaysresult
in anincorrectdisplacementnapi.e. onethatleadsto anincorrectreconstructiorof the
surfacedetail. Figure7.1 explainsthe problemsassociatedvith straightforvard perpen-
dicular projection. We canavoid the problemswith perpendiculaprojectionsimply by

definingdisplacementasoffsetsto verticesof the springmeshfrom correspondingpoints
onthesplinesurface.Recallthatthereis a naturalassociatiorof the springmeshpointsto

parametevalues:thesearethe sameparametevaluesthatwereusedfor the surfacefitting

step. Notethatthe offsetfrom a point on the splinesurfaceto the correspondingpoint on

the springmeshis in generala vector Computingone such(displacementyector offset
for eachspringpointgivesusaregulargrid of displacementectorsattheresolutionof the
springmesh.

We representachof thesedisplacemenvectorsin the local coordinateframe of the
splinesurfacei.e. we storethe displacemenbffsetsrelative to the underlyingsplinesur
face.For applicationghatmodify theunderlyingB-splinesurface(suchasanimation) this
choiceof coordinateframesallows the displacementso move anddeformrelative to the
surface.In generalthisrepresentatiors usefulfor any applicationthatstoresdisplacement
mapindependenof underlyingsurfacetopology(seefor examplefigure7.5).

Sinceour B-spline basisfunctionsare continuouslydifferentiable(i.e. C?) sois our
underlyingdfitted B-splinesurface.Thereforealocal coordinatdramefor thesplinesurface
is easilycomputedby evaluatingat each(u, v) position,thetwo surfacepartialsU andV
andthe surfacenormalN. This framevariesfor every point (u, v) in parametespaceand

is givenby: —
U, V

Ulwv) =—5,—

OF (u, v

Vi) = S5

N(u,v) =UxV
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Figure 7.1 Scalarandvectordisplacemeniaps. (a) shavs the computationof a scalar
displacemenimapon aniso-cune of the splinesurface. The computatiorinvolvesperpen-
dicular projectionfrom a setof pointson the splinesurfaceto the springmesh. Note that
in generalthisis a non-rolust computation.For examplethe leftmostnormalvectorfrom

the spline surfacedoesnot intersectthe springmeshsurface. More importantly notethat
areconstructiorof the displacementappedsplinesurfacebasecn the displacemenvec-
torswill alwaysbeincorrect. Specifically the reconstructiormisseghe “overhangs’from

thebumpin the middle of the springmesh. This occursbecausescalardisplacemeniaps
cancorrectlyreconstruconly heightfieldsandthe springmeshshavn is not a heightfield

over the spline surface. (b) shavs our computationof a vector displacemenmap on the
samesetof iso-cunes. Notethatthe displacementectorsareall well-definedandcorrectly
reconstructheoriginal springmesh.
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Giventhis coordinatdrame,the (vector)displacemenD atapoint P(u, v) is givenby:
D=(D-U)U+(D-V)V+ (D-N)N (7.1)

Fromanimplementatiorstandpointareneeddo betakenwhenevaluatingthelocal frame
of referencat singularpointsof the surface(e.g.whenall the controlverticesof a bound-
ary curve arecoincident).We referthereaderto ary standardookon parametricsurfaces
for furtherdetailson the robustcomputatiorof surfacepartials(for exampleseethekiller-
B’sbook[Bartelsetal. 1987]).

Sinceour vectordisplacementsascomputedarea regulargrid of 3-vectorsthey can
cornvenientlyberepresentedh theform of anrgbimage.Our displacementnapD (u, v) is
thereforegivenby areconstructiorirom thisregulargrid of displacementectors.As such,
ary standardmagereconstructioriilter sufficesfor this purpose We have useda bilinear
filter reconstructiorior the examplesshavn in thisthesis.

Note that the displacementap as computedhereis essentiallya re-samplederror
function sinceit representshe differenceof the positionsof the spring points from the
splinesurface. In theterminologyof chapter6, our displacemeninapis a reconstruction
of the parametriaistanceerrorfield.

Ourimagerepresentationf displacemenmapspermitsthe useof a variety of image-
processingperationsuchaspainting,compressionscalingandcompositingto manipu-
late fine surfacedetail. Figure7.4 andfigure 7.3 explore theseand othergamesone can
play with displacementnaps.

7.3 Scalardisplacementmaps

While vectordisplacementnapsare useful for a variety of operationssomeoperations
suchas(displacemenimage)paintingaremoreintuitive on gray-scaléamages.Thereare

several methodsof arriving at a scalardisplacemenimage. One methodto arrive at this

scalarimagemight be to computea normal offset from the spline surfaceto the spring

mesh. However, asdiscusseckarlier this methodis both expensve and proneto non-

robustnessn the presencef high curvaturein the springmesh(seefigure7.1).
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Insteadwe have usedtwo alternatve formulations. The first computesand storesat
eachsamplelocation (or pixel) the magnitudeof the correspondingectordisplacement.
In this case modifying the scalarimagescaleshe associatedectordisplacementalong
theirexistingdirections.A secondilternatve, storesateachsampldocationthecomponent
of thedisplacementectornormalto the splinesurface(i.e. D - IN). Modifying the scalar
imagetherforechange®nly the normalcomponenbf the vectordisplacementEachof
theserepresentationsffers a differentinteractionwith the displacemeninap. Figure7.4
emplo/s normalcomponengditing.

7.4 Bump maps

A bumpmapis definedasafunctionthatperformsperturbation®nthedirectionof thesur
facenormalbeforeusingit in lighting calculationgBlinn 1978]. In generala bumpmap
is lessexpensve to renderthana displacemeninapsinceit doesnot changehe geometry
(andocclusionpropertiesyithin ascendout insteacchange®nly theshading Bumpmaps
canachiere visualeffectssimilar to displacemenapsexceptin situationsvherethe cues
provided by displacedyeometrybecomeevidentsuchasalongsilhouetteedges.We com-
pute bump mapsusingtechniquesvery similar to thoseusedfor computingdisplacement
maps:at eachsamplelocationinsteadof storingthe displacementve storethe normalto
thecorrespondingpringmeshpoint. Thusthe bumpmapis simply expresseds:

Nspline(u: U) = Nspring(”: U)

As beforeN,,,,, is storedin thelocal coordinatdrameof thesplinesurface.Sincethe
bumpmap,ascomputedis alsoaregulargrid of 3-vectorsit canbestoredasanrgbimage
aswell. Figures7.3dande shav a comparisorof a displacementnappedsplineanda
bumpmappedspline,bothof which arebasedn the sameunderlyingspringmesh.Notice
how, differencesrevisible atthesilhouetteedges Anotherlimitation of bumpmapss that
while they canfake fine surfacedetail fairly corvincingly, it is muchharderto represent
coarseggeometrywith them.
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Notethatanalternatenethodto obtainthebumpmapis to computeat fromthedisplace-
mentmapimage.Theoriginal bumpmapformulationproposedy Blinn [Blinn 1978]de-
scribesthis approach.Thisis equivalentto our methodbecauséehe displacemenmapped
spline surfaceis just the springmesh. Thereforea bump mapthatis extractedfrom the
displacementmap would yield the sameresultas onethatis extractedfrom our spring
mesh.

7.5 A limitation of least squaresfitting for displacement

map computation

Within our leastsquareditting processhe usercanchooseust the resolutionof the ap-
proximatingB-splinesurface.Thefitting algorithmthenautomaticallydetermineshe“best
possible”B-splineapproximatiorto the springmesh giventhatresolution. The displace-
mentmapis automaticalljcomputedasa differenceof the springmeshandsplinesurface.
Thisfitting strat@y hascertainpotentialdravbacks.Consideifor example thesimplel1l-D
curveshavnin figure7.2. Ourmethodresultsin thesolutiondepictedn figure7.2a.Note
thattheleastsquaresurfacepasseshroughthebumpsonthecurvei.e. thesmoothsurface
encodegpartof whatappearso befine geometriadetail. As aresult,thedisplacementap
itself encodesvhatappeargo be partof the coarsegeometryof the surface. Figure7.2b
shawvs a moreintuitive result: the bumpson the springmeshare completelyoffsetasdis-
placementsabove the fitted curve. Our leastsquaressolution cannotproducethe result
shavnin 7.2h Thereasorfor thisis thata straightforvardleastsquaresolutiondoesnot
have the mathematicamachineryto discriminatebetweerfine detailandcoarsegeometry
Notethatthisis a limitation of the leastsquareditting procesgatherthana limitation of
our hybrid surfacerepresentation.

A moredesirablealternatve to leastsquareditting might be a strateyy thatis basedn
afrequeny domaindecompositiorof the highestresolutionspringmesh. The separation
of geometriadetailfrom coarsegeometrycouldbebasednthisdecompositionlt is worth
noting thatit is not straightforvard to encodea usersintuition (or needs)or the separa-
tion of geometricdetail and coarsegeometry Therefore,ary alternatve fitting strategy
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Figure 7.2 A limitation of our surfacefitting stratgy. (a) shaws a springmeshiso-cune
andaleastsquareditted splinesurfaceusingourfitting stratgyy. Noticethattheleastsquares
surfacespasseshroughthe bumpson the springmeshi.e. it encodesn the smoothsurface
what intuitively appeargo be surface detail. The resultingdisplacementmap is shavn
alongside Notethatit encodegpartof whatappeardo bethe coarsegeometryof thespring
mesh.(b) shavsthesplinesurfaceanddisplacementnapthata usermmightintuitively expect
to obtainfrom this springmesh. A fitting stratgy thatencodeghis intuition aspartof the
surfacefitting processvould be a desirableaxtensionof our approach.
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shouldsupplythe userwith toolsto efficiently differentiatefine surfacedetailfrom coarse
geometry

7.6 Results

To summarize:displacemenmapsare computedas the (parametric)error betweenthe
splinesurfaceandspringmeshre-samplednto aregulargrid. Displacemenimapsprovide
ausefulmethodfor storingandmanipulatingine surfacedetailin theform of displacement
mapimages.We have foundthatthis representatioempaversuserso manipulategeome-
try usingtoolsoutsideour modelingsystem.Thefollowing pageshowv severalgamesone
canplay with displacementaps. Thesegamesdemonstratehe flexibility of our hybrid
representationMost would have beendifficult (i.e. manuallyintensve) to duplicatewith
apuresmoothsurfacerepresentatiosuchasa B-splinesurface.
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Fig ure7.3 (a) shaws a patchfrom the backof the Armadillo model. The patchhasover 25,000vertices.We obtaineda
splinefit (in 30 secondsyvith a 15x20controlmesh,shavn in (b) anda correspondingectordisplacementnap. Thenormal
componenbf the vectordisplacementnap, is displayedasa gray-scaldmagein (c). (d) and(e) shav the corresponding
displacemenandbump mappedsplinesurface. The differencesetween(d) and(e) areevidentat the silhouetteedges.The
secondandthird row of imagesshav a selectionof imageprocessinggameson the displacemenmap. (f) shavs jpeg com-
pressiorof thedisplacemenitmageto afactorof 20 and(g) representa scalingof thedisplacemenimage to enhancéumps.
(h) demonstratea compositingoperation wherean imagewith somewords was alphacompositedwith the displacement
map. Theresultis anembossedéffect for thelettering.
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Figure 7.4. Thisfigureexploresthe possibilityof multi-resolutioneditingof geometryusingmultiple displacementnap
images.All gray-scalalisplacemenimagesdn thisfigurerepresenthenormalcomponenof theircorrespondinglisplacement
maps.Displacemenvaluesarescaledsuchthata white pixel representthe maximumdisplacemenandblack,the minimum
displacement(a) shavs a B-splinesurfacewith 24x30controlpointsthathasbeenfit to the leg patchfrom figure5.6. (c) is
its correspondinglisplacemenimage. (b) shavs a B-splinesurfacewith 12x14control pointsthatwasalsofit to the same
patch. Its displacemenimageis shavn in (d). The combinationof splineanddisplacementmapin both casegeconstructs
the samesurface(i.e. thefinal springmeshshavn in figure 5.6e). This surfaceis shavn in (f). We obsere that(c) and(d)
encoddlifferentfrequenciesn the original mesh.For example(d) encodes lot of the coarsegeometryof the leg aspartof
the displacemenimage(for examplethe knee),while (c) encode®nly the fine geometriadetail, suchasbumpsandcreases.
As such,thetwo imagesallow editing of geometryat differentscales.For example,onecanedit the geometryof the knee
usinga simple paint programon (d). In this case the resultingediteddisplacementmapis shavn in (e) andthe resultof
applyingthis imageto the splineof (b) givesus anarmorplatedkneethatis shavn in (g). Operationsuchastheseleadus
to theissueof whethermultiple levels of displacemenimapcanessentiallyprovide aimagefilter bankfor geometryi.e. an
alternatve multi-resolutionsurfacerepresentatiohasednimages.Notehowever thattheimagesrom (c) and(d) areoffsets
from differentsurfacesandthe displacementarein differentdirections,sothey cannotbe combinedusingsimplearithmetic
operations.
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(2] (b) (c)

Figure 7.5. Transferringdisplacemenmapsacrossobjects. (a) is a polygonalmodelof a wolf’'s head(under60,000
polygons).It wasfit with 54 splinepatchesn under4 minutes(on a 250 Mhz MIPS R4400processor) The splinedmodel
is shavn in (b). (c) shaws a closeup view of a partially splinedresult,wherewe have mappedhe displacemenimapfrom
figure 7.3(b)ontoeachof 4 splinepatchesaroundthe eyesof themodel.



Chapter 8
Inter patch continuity

Thusfarwe have addressethe samplingandfitting issuesconnectedvith a singlepolyg-
onal patch. Sinceour approximatingB-spline surfacescan only model manifold defor
mationsof a four sidedplanarregion, polygonalmeshesof arbitrarytopology cannotin
generabefit with justasinglepatch.Thereforejn our systemheuserspecifiesa network
of polygonalpatcheghattile the surface. The techniqueof the preceedinghaptersare
thenusedto fit our hybrid surfacerepresentationf B-splineanddisplacemeninapto each
of thesepolygonalpatches.By virtue of the propertiesof a cubic B-splinebasisfunction
individual B-splinesurfacesarecunaturecontinuougi.e. C?) in theinterior of the patch.
Howeverwe arenotguaranteethis propertyatthesharedoundariesindcornersof multi-
ple patchesWe arethereforefacedwith the problemof keepingour patchegeometrically
continuousat their sharedooundariesandcorners.If displacemeninapsareused,t is de-
sirableto keepthe displacemeniappedsplinesurfacescontinuousaswell. Accordingly,
in this chapterwe divide our discussiorof inter-patchcontinuity into two parts. First, in
section8.1, we examinethe continuity issuesfor B-spline surfaces. In this regardswe
examinetwo widely usedcontinuity standardsn industry: visual (or statistical)continu-
ity andmathematicatontinuity (sections8.1.1and8.1.2respectrely). Our surfacefitting
systemcanbe adaptedo eitherof the above paradigms Our focusin this thesishasbeen
on entertainmen(i.e. animation)applications.In section8.1.3. we proposea continuity
solutionfor our systenthatis suitedfor suchapplicationsThen,in section8.2we propose
amethodfor makingdisplacemenmapped-splinesurfacescontinuous Finally, we shav

163
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somefitted andstitchedexampleso demonstrateur solutions.

8.1 Continuity of anetwork of B-spline surfaces

In our systemthe numberandplacemenbf patchesareusercontrolledparametersSince
the useris not constrainedo placethe patchesn ary fixed juxtapositionwe cannotmake
simplifying assumptiongboutpatchtopology In particular we cannotmake simplifying
assumptionsboutthe numberof boundarycurvesthatmeetat a patchcorner

It is interestingto notethat despitethe factthat B-spline surfacesarethe surfacerep-
resentationof choicein the CAD and the animationindustriesvery little researchhas
addressedhe issueof achieving G* continuity over an arbitrary B-spline surface net-
work [Milroy et al. 1995]. A fair amountof researchn the parametridanterpolationlit-
eraturglLounsberyetal. 1992]hasbeendevotedto analyzingthe necessarandsuficient
conditionsfor continuity of a numberof other (mathematicallymore compact)surface
formulations.ExamplesncluderectangulaBezierpatchegDeRosel1990], CatmullRom
patchegDeRoseX Barsky 1988],triangularBezierpatchegFarin 1982,Piper1987],com-
binationsof rectangulaandtriangularBezierpatchegShirman& Sequin1991], Gregory
patchegShirman& Sequin1990],quintic HermitesurfacegMoreton& Sequin1992],etc.
RecentlyEck etal [Eck & Hoppel996] proposeda surfacesplineformulationwithin the
contet of surfacefitting. In this casethe individual patchedn the network were bicubic
Bezierpatches.

Unfortunately noneof the above referencednethodsaddressheissueof how to satis-
factorily dealwith the admittedlyharderproblemof obtainingcontinuitywithin a network
of B-splinesurfacepatchesTo achieve thedesiredevel of continuity betweerour surface
patchesywe mustfirst examineapplicationspecificrequirementgor continuity. Thereare
two mainkindsof inter-patchcontinuitythatarecommonlyusedn entertainmenandCAD
applications:statistical(or visual or numerical)continuity and parametrigor geometric)
continuity. We examineeachof thesen turn.
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8.1.1 Statistical continuity

The existenceof statisticalcontinuity betweentwo patchesmplies that the patchesare
continuousonly to theextentthatthe positionandnormaldeviationsof the surfacesattheir
sharedpatchboundariesneetcertainuserspecifiedtolerances Sincethis is not a precise
mathematicahotion of continuityit is oftenreferredto asstatisticalor visual continuity.

Figure8.1lillustratesthenotionof statisticalcontinuityat a patchboundary

Figure 8.1 Visualcontinuity Thefigureshavstwo patchesP and@ with asharedoound-
ary. Visual continuity is concernedwith a statisticalmeasureof what it meansfor two

patchego be continuousat a sharedboundary Quantitiesthat aretypically comparedare
positionsandnormalsat a setof pointson sharedboundarycurves. Onemeasuref tangen-
tial continuity of the two patcheshavn hereis the differencebetweernthe normalvectors
alongthe sharedboundary If thetangentsalongthe boundarycurvesarecomparableghen
the normalsto the surfacealongthe boundarycurvesmustbe comparableaswell. A quan-
titative measureof tangentcontinuity is thereforegivenby: %, || n,; — ny ||> The

lower this numberthe moretangentiallycontinuoughe two surfaceswill beattheir shared
boundaryfrom a statisticalperspectie.

For mary applicationghis kind of continuityis adequateTake anexampleof the con-
structionof the exterior of a car body. In this applicationcurvatureplots and reflection
lines [Farin 1990] are frequentlyusedto verify the “quality” of surfaces.In this context,
even mathematicallycurvature continuous(C?) surfacesmight be inadequate.Further
more,workersin theautomotve industryoftenusetrimmedNURBSanddo not necessar
ily matchknot lines at sharedpatchboundariegduring model construction. Thereforeit
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is not alwayspossibleto enforcemathematicatontinuityacrosgpatchboundariesThere-
fore, oftenonly statisticalor visualcontinuity makessensen this application.In the CAD
industry statisticalcontinuityis typically obtainedn oneof two ways:

e Manually: by constructingrimmedsurfacepatcheghatshareoverlappingregionsat
their sharecboundaries.

e Throughaniterative numericaloptimizationprocesgMilroy et al. 1995, Bardis&
Vafiadoul992,Sinha& Sene&iratne1993].

RecentlyMilroy etal [Milroy etal. 1995]proposed statisticalstitchingmethodto obtain
visually continuousB-splinesurfacepatches While the resultsproducedverebetterthan
thosepreviously reportedthetechnique®utlinedwerecomputationallyexpensve anddid

not producethe surfacesof a high enoughquality requiredof most CAD applications.
Obtainingstatisticalcontinuity algorithmically (whetherthroughnumericaloptimization
or otherwiseemainsanactive areaof research.

8.1.2 Mathematical continuity

In contrastto statisticalcontinuity, geometriccontinuity betweenwo surfacepatchesm-
plies that the patchesare continuousin a precise,mathematicakense. For example C°
continuity betweerntwo patchesneanghatthe patchesare(mathematicallyfontinuousn
surfacepositionat their sharecboundary C! continuity impliesthatthe patchesareboth
position continuousand possess& smoothlyvarying tangentfield at their sharedbound-
ary. In generalC™ continuity implies that the patcheshave a mathematicallycontinuous
n-th (parametric)deriative at their sharedboundary A similar but lessstringentcon-
tinuity requirementhatis popularin the animationindustryis G* continuity This is a
wealer form of the C! requirement.It requiresonly the directionof the tangentfield to
be mathematicallycontinuousacrosspatchboundariesatherthanthe actualtangentfield
(i.e. magnitudeanddirection). For moredetailson the subjectof mathematicatontinuity
we referthereadetto any standardext bookon computeraidedgeometriadesign(e.g.see
Farin’s bookon the subjectFarin 1990]).

A domainwherestatisticalcontinuityis not acceptabl@andmathematicatontinuityis
preferreds the animationindustry Typically G* continuity sufficesfor mostapplications
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in this domain. To achieve this level of continuity, the numberof knots at sharedpatch
boundariesreusuallyforcedto be the same.This stratgy hasseveraladwantagedor the
applicationsn this domain:

e Control point deformationsare easily propagatedcrosspatchboundarieghat are
mathematicallycontinuous.

e Thereis minimal distortionatboundariesn the procesof texture mapping.

e The processof maintaining patch continuity during an animation becomeseas-
ier; continuity is either madepart of the model definition [Ostby 1986] or is re-
establishean aframeby framebasisusinga stitchingpost-process.

The stratgy also hasits limitations. Sinceadjacentpatchesare constrainedo have the
sameknot resolution,regionswith high surfacedetail that shareboundariesvith regions
with relatively low surfacedetailmustbe carefully constructedIn particularcaremustbe
takento ensurehatthereis nolossof surfacedetailin the high detailregion andthatthere
is notanexcessve numberof controlverticesbeingusedto representhelow detailregion

8.1.3 Our continuity solution

Our surfacefitting systemcan be adaptedo either of the above paradigmg(i.e. either
statisticalor geometriccontinuity). It is worth noting thatin our pipeline, sincewe are
fitting to the springmeshgeometry our B-splinesuriacepatchegdypically have the same
level of continuity, atavisuallevel, asthecoarsegeometryof theunderlyingspringmeshes.
Thesespringmeshesn turn represent faithful re-samplingof the underlyingpolygonal
mesh(for example seefigure5.15a).Thereforeatavisuallevel, our B-splinesurfacegend
to possesghe samedevel of continuityasthe coarsegeometryof the underlyingpolygonal
mesh.

However, ourfocusin thisthesishasbeenonentertainmenti.e. animation)applications
andvisual continuityis not sufficient for mary applicationsn the entertainmenindustry;
mathematicatontinuity is preferred. Note that in the context of suchapplications the
splinedmodelis usuallydeformedn the courseof its usein theapplication.Thereforepur
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fitting procesdss merelya pre-processingtepto obtainan animateabldB-spline model.
The original polygonalmeshand springmesheso longerhave a role in the subsequent
deformationsof the model. For thesesortsof applicationscontinuity solutionsshould
work atinteractve speedgor shouldexist aspartof themodeldefinition) sincepotentially
they mustbeappliedat every frameof ananimation.As mentionecabove, theapplications
we arefocusingon typically requireat mostG*' mathematicatontinuity. Basedon these
considerationgn our systemmathematicatontinuityis enforcedthrougha stitchingpost-
process.

Specifically we allow an animatorto specifythe level of continuity requiredat each
boundarycurve. Thetwo optionswe have allowedareC? andG* continuityatboundaries.
Our unconstrainedgriddeddatafitting to eachpatchleavesuswith C'~! (i.e. discontinu-
ous)B-splineboundariesWe useend-pointinterpolating,uniform, cubicB-splinesfor our
basisfunctions.

For thesesurfacesthe patchboundariesf B-spline surfacesare completelyspecified
by justthe boundarycontrolvertices[Barsky 1982]. Thereforeto maintainC® continuity:

e Adjacentpatchesareconstrainedo have the samenumberof control pointsalonga
sharedboundary

e Thesharedooundarycontrolverticesaremadeto have the samepositionsin space.

We ensurethe secondpropertyby averagingjust the boundarycontrolverticesof adjacent
patchesandmakingthesethe new setof boundarycontrolverticesof eachof the patches.
Figure8.2ashavstwo adjacenpatchesandthe associatedontrolmeshfor eachpatch.In
this casetheboundarycontrolverticesareshavn assolid circles.

Similarly, the tangentfield at B-splinesurfacepatchboundariesarecompletelyspeci-
fied by theboundarycontrolverticesandthetangentcontrol vertices Thesearethevertices
onthecontrolmeshof the B-splinepatchthatareadjacento theboundarycontrolvertices.
In figure 8.2a,the tangentcontrol verticesare shavn ashollow circlesfor two adjoining
patchesThetangenfield for a B-splinesurfacepatchis identicalto thetangenfield for a
ruled surfacebetweenwo curves,eachspecifiedoy the boundarycontrol verticesandthe
tangentcontrolvertices[Barsky 1982]. Therefore G* continuity canbe obtainedby mod-
ifying the boundarycontrolverticessuchthateachrow of thetangentcontrolverticesand
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thesharedboundarycontrolverticesof thetwo patchedie onastraightline, atequalspac-
ingsalongthatline. We accomplistthis by modifying the positionof the sharedooundary
controlverticessuchthatthe conditionis satisfied.Both theseoperationsareexplainedin
figure8.2a.

P
P2
Q2
P5
! P3
P4
(a) (b)

Figure 8.2 Geometriccontinuityat boundarycurvesandpatchcorners.(a) shavs thecon-
trol verticesfor two adjacentpatcheghat determinecontinuity at patchboundaries.The
solid circlesarecalledboundarycontrolverticeswhile the hollow circlesarecalledtangent
control vertices. (b) shavs the control verticesof a setof five patcheghat determinecon-
tinuity at a sharedpatchcorner We call thesethe cornercontrol vertices. Note that the
solid circlesarealsoboundarycontrolvertices.Theinnercornercontrolvertex is shavn as
a hollow circle. This is the only interior control vertex whosepositionis modifiedby our
continuitysolution.Seethetext for details.

ObtainingG* continuity at patchcornersposesa harderproblem. Tackling the prob-
lem for differentkinds of parametricsurfaceshasbeenthe subjectof muchwork in the
literature[Peters1990]. Figure 8.2b shavs a setof patcheghat sharea commonpatch
corner The control pointsthat affect the tangentfield at the patchcornerare indicated
in the figure. We call thesethe corner control points For the kinds of basisfunctions
we use, the tangentfield at a patchcornerof a B-spline surfaceis identicalto the tan-
gentfield of a bi-linear surfaceformedby the four cornercontrol verticesof the B-spline
patch[Barsky 1982]. Thereforewe canobtainG*' continuityat a patchcorner simply by
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forcing the 4 cornercontrol pointsof eachof the patchesneetingat a patchcornerto the
sameplane.In practice we choosethis planeto be anaverageof thethetangentplanesat
all the patchboundarieghat meetat that patchcorner Note thatthis continuity solution
potentiallyleaves our stitchedsurfaceslooking overly flat at patchcorners(sincecorner
control verticesat sharedcornersare projectedto a plane). However in practicethis is
not anissuesincethe sectionof the B-splinesurfacethatis controlledby the four corner
controlverticestendsto beavery smallsurfaceelemen{Barsky 1982].

To summarize:our continuity solution moves just the boundaryand corner control
verticesto achieve the appropriatdevel of continuity over the entirenetwork of B-spline
patches. Note that the movementof thesecontrol verticescompromisesour surfacefit.
However, sinceour surfacefit merely recreateghe coarsegeometryof the underlying
polygonalmeshfaithfully, our stitchedB-splinesurfacestendto retainthe continuity and
smoothnespropertiesof the underlyingmodel's coarsegeometry In particular it retains
this property both at the boundariesof patchesas well astheir interiors. Thereforein
practice,our stitchingsolutionresultsin a visually imperceptiblechangeto our B-spline
surfaces.

It is worth notingthatanalternatemethodfor achieving C° continuityof our patchesis
to enforcea setof boundaryconstraintsat theleastsquareditting step.If we wereableto
guessasetof commonrboundaryerticedor thetwo adjacenpatchesthiscouldbefeasible
alternatie. The stratgy could be extendedfor G! continuityif it wascombinedwith an
iterationthat alternatelyestablishednter-patchcontinuity andre-fitted (with constraints)
to the springmeshdata. However, we have chosemot to usethis stratgy; we have found
thatour stratgy workssatisactorily in practice.

8.2 Displacementmap continuity

For a network of B-spline patchesthe displacemenimap computationis performedafter
the patchesare stitched. Therefore for displacemenmappedsplinescontinuity may be
definedon the basisof the reconstructiorfilter usedfor the displacementmaps. Recall
that we generatethesefrom the spring meshesand that we use bilinear reconstruction
to displaythem. DisplacemenmappedB-spline surfaceswill thereforeexactly recreate
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the spring mesh. Note that adjacentpatchescan be at most position continuouswith a
bilinearreconstructiorilter. Therefore|if the springresolutionsarethe sameat a shared
boundaryof two patchesthey will be continuoudy virtue of thereconstructionHowever,
springmeshresolutionsandiffer acrossharedoundariesThis canresultin T-joint type
discontinuitiesn adisplacemeninapped-splinesurface.The problemis trivially solved
by averagingthe boundaryrows of displacementmapimagesof adjacentpatches.This
ensureghatthereis no crackingat thedisplacementappedoatchboundaries.
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Figure 8.3 (a.) shaws a split view of the Armadillo. The B-splinesurfacesareshavn smoothshadedn the left with

the polygonmeshon theright. A few interestingdisplacemeninapsare shavn alongsidetheir correspondingatches.(b)
shaws a split view of the displacemenimappedsplinepatcheson the left with the polygonmeshon theright. Notethatthe
fingersandtoesof themodelwerenot patched Thisis becausénsuficient datawasacquiredn thecrevicesof thoseregions.
This canbe easilyremediedby usingextra scansor by usingthe holefilling techniquegproposedn recentrangeintegration
techniguesThetotal numberof patcheon the Armadillo were104 (only theleft half have beenshavn here). The gridding
stagetook 8 minutesandthe griddedfitting with 8x8 control meshegper patch,took under10 seconddor the entire setof

104 patchesAll timingsareona 250MHz MIPS R4400processor(c) shavs the stitchedB-splinesurfaceshatwerecreated
from the Bofar model. Theiso-cunesof thefitted B-splinesuriacehave beenoverlaid onthe surface.



Chapter 9
Conclusion

In thisthesiswe have presentedechniquedor fitting a combinationof smoothparametric
surfacesanddisplacementnapsto dense rregular polygonmeshes.The algorithmswe
have proposedarerobust, efficientandproduceresultsthatretainthefine geometriadetail
of the original polygonalmeshesUsing thesetechniquesusershave createdsomeof the
mostcomplex andhigh fidelity smoothsurfacemodelsever createdrom scannediata. A
selectionof thesemodelswereusedto demonstrat¢éhetechnique®f this thesis.

A lot of exciting researclhasbeenconductedn thefield of surfaceapproximatiorover
thelastseveraldecade$Franke & Schumalkr 1986,Schumalkr1979]. Unfortunatelythis
researclnasfocusedmainly on surfacefitting eitherto scatteregbointclouddataor to topo-
logically simpledata(e.g. heightfields). While thesetechniquesarewidely applicablein
avariety of problemdomains,n the contet of surfaceapproximatiorto densepolygonal
meshef arbitrarytopologythey areeithernot applicable inefficient or nonrobust (see
chapter2). A majorreasonfor the shortcomingsn relatedprior efforts is thatthey have
tendedo ignoretheconnectvity informationpresentn denseolygonalmeshesluringthe
surfaceapproximationprocess.We have usedthis additionalconnectvity informationat
variousstagesof our surfaceapproximatiorprocesgo developalgorithmsthataresignif-
icantly morerobustandefficient thanary prior efforts. In this chapterwe summarizehe
principal contritutionsof this thesis(in section9.1) andthendiscusssomeexciting areas
for futurework (in section9.2).
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9.1 A summary of our principal contributions

9.1.1 Flexible surfacecurve editing tools

An importantcomponentf our surfacefitting systemis the userspecificatiorof boundary
andfeaturecurves. For mostapplicationsthis is a non-automatabl@art of the creatve
process.As such,providing intuitive and efficient curve specificationand manipulation
toolsis animportantcomponenbf the surfacefitting process.Providing suchtoolsis a
challengingtaskgiventhe sizeof our datasetandthe factthatusermight wantto specify
comple boundarycunes.

We motivatedthe useof surfacecurvesfor our applicationratherthanunconstrained
spacecurves(suchas3-D B-splinecurwves). Surfacecurvesoffer anumberof adwantages
for ourapplication.Principalamongthesas thatcomparedo spacecurves,surfacecurves
offer abetterintuition for the preciseplacementf a curve with respecto the surface.

Prior work on surfacecurves hasfocussedexclusively on formulationsfor curveson
smoothsurfacerepresentationdn this thesiswe have presented flexible formulationfor
surfacecurveson dense unparameterizedolygonalmeshes:ithe surfacesnale formula-
tion. Surfacesnalesare discretizedcontrolled-continuitysplinesthat are constrainedo
the polygonalsurface.Ourimplementations basedn a coarse-to-fineomputatiorof the
enegy measure®f a surfacesnale. We shaved that our implementatiorhasanimpulse
compleity (i.e. thetime takenfor a changeat oneendof snale to propagatdo the other
end)of O(N log N) in the numberof face-pointsn the curve. Comparedo this, a static
implementatiorof surfacesnaleswould have animpulsecompleity of O(N?).

Usingthesurfacesnale formulationwe developedanefficientandintuitiveinterfacefor
manipulatingcurves on densepolygonmeshes.We alsodemonstratethe useof surface
propertiessuchasvertex color to assistin the curve paintingand editing process.Such
operationsvould not have beenpossibleto duplicateusingjust spacecurve basecdediting.

9.1.2 Parameterizationsof polygonal patches

An importantcomponenbf ary (parametricsurfacefitting algorithmis the parameteriza-
tion of the dataset. A high quality parameterizatiois crucial for obtaininghigh fidelity
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surfaceapproximations.In this thesiswe have developeda robust, automatedand cus-
tomizableparameterizatiomlgorithmthatis well suitedfor usein an interactve system.
Our algorithmis basedon a coarse-to-fingelaxationstratgy that generates minimum
distortion surfacegrid calledthe springmesh. The coarse-to-finenatureof our stratey
allows a userto incrementallypreview even large patchconfigurations.This is a useful
propertyfor aninteractve system.In particulay it provesinvaluablewhenmodelerswish
to experimentwith differentpatchconfigurationgor the samemodel.

We have suppliedanimplementatiorof our parameterizatiostratgy thatonthe aver
ageworksin O(N log N) time in the sizeof a polygonalpatch. In theorythisimplemen-
tationcanbeimprovedto work in O(NV) time simply by substitutinga lineartime shortest
path algorithminto our initialization steg. The only other automatedparameterization
schemeo datethatworks on polygonalmeshesunsin O(N?) time [Eck & Hoppel996]
andproducesho incrementaresults.As suchthis algorithmis not a viable alternatve for
usein aninteractve setting.Otherapproachet theparameterizatioproblemhave lacked
theefficiengy or robustnesgor both)requiredio successfullyparameterizeenseolygonal
datasets.

A uniquefeatureof our parameterizatioalgorithmis its customizability In our system
a usercanspecifya numberof constraintdo the parameterizatiom the form of feature
curvesandthe algorithmautomatically“fills in” the restof the parameterizatione. the
spring meshsmoothlyinterpolatesfeaturecurves. Typically, a userspecifiesjust those
featurecurvesthat areimportantto a parameterizationHowever, in theorythe usercan
specifyan arbitrarynumberof featurecurvesandasa resultpatchparameterizationsan
be madearbitrarily complex.

It is worth notingthatour surfacefitting stratgy solvesseparatelyor patchparameter
izationandfor patchgeometry In our applicationthe geometryis alwaysfixedto be that
of the polygonalmesh. However, the parameterizationf the patchcanbe arbitrary The

10ur algorithm's time complexity is dominatedoy the initialization phasethatinvolvesthe computation
of shortespathson the graphrepresentethy a polygonalpatch. We useDijkstra’s algorithmwhich runsin
O(N log N) time. Sincepolygonalmeshesreactuallyplanargraphsthey possess simplerstructurethan
arbitrarygraphs.As sucha lineartime algorithmexiststo performthe shortespatchcomputatiorfor planar
graphs.If we wereto usethis algorithmour total parameterizationostwould be O(V). We have not heard
of reportsof a practicalimplementatiorof this algorithmandDijkstra’s algorithmhasperformedadequately
in aninteractve setting.
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fidelity of the springmeshto the original polygonalgeometryis maintained-egardlessof
the particularparameterizatioof thedata.

9.1.3 Hybrid surfaceapproximation

We fit a hybrid of B-splinesurfacesanddisplacemeninapsto our springmeshesThe B-
splinesurfacesrepresenthe coarsegeometryof the datawhile displacementapscapture
thefine surfacedetail. Sinceour springmeshearequalitatvely indistinguishablérom the
original polygonalmeshdata,our resultsreproducewith high fidelity the geometryof the
original polygonmesh.

Thetradeof betweerexplicitly representedeometryanddisplacemenmappedetail
is left to the user This is enabledn partby the speedof our surfacefitting algorithms.
Specifically we use gridded datafitting on the spring meshes. This algorithmrunsin
O(v/Nm?) time? whereN is the sizeof a polygonalpatchandm the averagenumberof
control verticeson a side of the approximatingB-spline surface(for purposesf gridded
datafitting, the spring meshparameterizatiomay be considerech pre-processingtep).
Comparedo thespeedf griddeddatafitting, anon-lineafitting stratgyy thatapproximates
themeshverticeshasa compleity of O(Nm*) periterative step.

Our hybrid surfacerepresentationffersaflexible interfaceto storeandmanipulatehe
geometryof themodel.We demonstratethisflexibility with surfaceeditingoperationghat
aretrivially accomplishedvith our hybrid representatioandyet would have beendifficult
to replicatewith apurelysmoothsurfacerepresentatiorin generalwe have foundthatour
hybrid surfacerepresentatioempaversusersto manipulategeometryusingtools outside
our modelingsystem.

9.1.4 End-to-endsurfacefitting system

We have presentedn this thesisa practical,end-to-endnteractve surfacefitting system
thatcreatessmoothsurfaces(anddisplacemeninaps)from densepolygonalmeshesThe

2Assumingthe patchis not overly distortedwith respecto aspectatio.
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outputproducedby our systemis in a usableform for mostanimationand designappli-
cations.Usingthis systemusershave createdsomeof the mostcomple< andhigh fidelity
smoothsurfacemodelsever createdrom scannedlata. Prior surfacefitting systemshave
lackedin or moreof thecharacteristicef our systemmakingthemaninfeasiblealternatve
for fitting to densemeshes.

9.2 Futurework

Our systemhasseverallimitations. In this sectionwe discusglirectionsfor improving the
variouscomponentgndalgorithmsof our systemaswell assomeexciting areador future
research.

9.2.1 Impr ovementsto surfacecurve editing

From the experienceof usersof our surfacefitting systemwe have found that the pre-
cise positioningof boundarycurvesandfeaturecurvesis animportantcomponenbf the
smoothsurfacecreationprocessMost of theusertime is spentfine tuningthe positionsof
featurecurvesandboundarycurves. Furthermoresinceour parameterizatioandfitting al-
gorithmsarerapid,oncethe boundarycurveshave beenspecifiedcreatingthe springmesh
andapproximatingB-splinesand associatedlisplacementapstakesjust a few minutes
evenfor largeandcomplex models.Sincetheuserspendshemosttime positioningbound-
ary andfeaturecurves,toolsthatfurtherassisin thecurve editingprocessareaworthwhile
areafor future research.Our surfacesnale basedools werea first stepin this direction.
We have listedbelown severalavenuesvhereour formulationcanbefurtherimproved.

e Formulatingalineartimeimpulsepropagatioralgorithmto make surfacesnale edit-
ing moreefficient.

e Creatingmoresophisticatedgurfacesnale editingtools. Oneexampleis atool that
allows intuitive manipulationof tangentvectorsat arbitrary pointsalonga surface
shale.
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¢ Allowing for the useof templatedsurface curvesthat canbe usedacrossmultiple
models.

9.2.2 Impr ovementsto parameterization and fitting

Becauseour parameterizatiostratey relieson surfacewalking stratgyiesandmeshcon-
nectvity to resamplepolygonalpatchesjt breaksdown in the presenceof holesin the
polygonmesh.However, new rangeimageintegrationtechniquesncludemethoddor fill-
ing holes.

Anotherlimitation is that B-splinesurfacepatchespur choiceto representoarsege-
ometry performpoorly for very complex surfacessuchasdrapedcloth. B-splineshave
otherdisadwantageaswell, suchasthe inability to modeltriangularpatcheswithout ex-
cessve parametridistortion. Despitethesdimitations,B-splines(andNURBSIn general)
arewidely usedin the modelingindustry This hasbeenour motivationfor choosingthis
over otherrepresentations.

A limitation of our surfacefitting solutionin the context of displacemenimapcompu-
tationwasdiscussedn chapter7 (section7.5). This limitation arisesfrom the factthata
leastsquareditting stratgy doesnot have the mathematicamachineryto allow the user
fine control over the extent of geometryrepresenteah the displacemenmap. Note that
thisis a limitation of theleastsquareditting procesgatherthana limitation of our hybrid
surfacerepresentationAlso notethatany automateditting procedurevould have similar
limitations.

Thereare a numberof fruitful directionsfor furtherimproving our parameterization
andsurfacefitting processesStraightforvard extensionsnclude:

e Improving robustnessn the presencef holesin themesh.

Addingtheability to createtriangularparameterizationandpatches.

Creatingadaptve springgridsfor samplingdecimatedneshes.

Addingtoolsfor fitting to the original meshvertices.

Allowing variableknot densityin our B-splinesurfaces.



CHAPTER9. CONCLUSION 179

e Remawing therestrictionof featurecurvesbeingiso-cunesof a parameterization.

e Using alternatve smooth surface representationsuch as hierarchicalsplinesor
wavelets.

¢ Implementingalternatve (statisticalor mathematicalyontinuity solutions.

9.2.3 Openproblems

Displacementnapshave long beenusedto creategeometricadetailfrom 2-D images.In
this thesiswe have demonstratetechniqueshatenabletheinverseof this process.e. that
enablethe creationof 2-D imagesfrom geometricaldetail. Thus, usingour techniques
userscan easily switch between2-D and 3-D representationsf geometry This ability
in turn opensup possibilitiesfor novel modelingandediting paradigms.For example,in
figure 7.4 we demonstratethow multiple resolutionsof displacementnapimagescould
beusedto trivially effecta complex changean 3-D geometry This sameeditingoperation
would have beensignificantlymorecumbersomé just conventional3-D editingtoolshad
beenused.Creatinga frameavork for editing paradigmghatusehybrid representationsf
imagesandgeometryposesseveralchallengege.g. seefigure 7.4) andoffers a variety of
fruitful avenuedor futureresearch.

In the context of displacemenmap computationan interestingextensionof our sur
facefitting stratgly would be that of automaticallydeterminingthe separatiorof coarse
geometryandgeometricdetail, perhapsasedon the frequeng domaincharacteristicef
thedata.A relatedideais thatof providing theuserwith efficienttoolsto preciselycontrol
the extentof geometryto be representedh the displacemenmapvs the smoothsurface
(alsoseechapter7, section7.5).

A naturalapplicationof the parameterizatiomortion of our systemis the interactve
texture mappingand texture placemen{Pederser1996] for complex polygonalmodels.
Relatedto this idea andto the oneson displacemenmappingabove, is the possibility
of applying procedurakexture analysis/synthesitechniqueg§Heeger & Bergen 1995]to
createsyntheticdisplacemenmapsfrom real ones. Using our techniquesuchmapscan
be appliedto objectsof arbitrarytopology
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Anotherinterestingavenuefor futureresearchs thatof creatinganapproximatingsur
facefor the entiremodelbasedon just a small collectionof userspecifiedsurfacecurves
(i.e. the curvesdo not have to createa patchnetwork). Suchan approximatingtech-
niquecouldbeusefulfor thoseapplicationsvherespecifyingthe entirenetwork of smooth
surfaceboundarycurvesis not crucial, ratherthe only requirements thatthe surfacecon-
form to a smallsetof potentiallydisconnectedeaturecurves. Techniquesn thefree-form
designliterature have attemptedsuchtechniquegout only for very small datasets. Our
featuredrive parameterizatioalgorithmsmay bethoughtof asa finite differencesolution
to avariationalparameterizatioproblemrestrictedto a densegoolygonalpatch.Extending
theseapproacheto work with densearbitrarytopologypolygonmeshess still anexciting
openproblem.



Appendix A

Face-pointmotion

Recallthatboth our surfacecurve andspringmeshrepresentationsonsistof a setof face-
pointsthatareconstrainedo lie onthesurfaceof the polygonalmesh.An operationwe use
oftenonindividual face-pointsluringour editingandrelaxationoperationss oneof mov-
ing face-pointgo new locationson the surfaceaccordingto editing or relaxationcriteria.
We call theprocedurehataccomplishethis MovePRintOnSurfaceFigureA.1 explainsthe
procedure.Notethattherearealternatve waysof implementinghis procedureon polygo-

Vv

Vi = Viangent

@)

(b)

Figure A.1. (a) shaws view of aface-pointobeingpulled over the surface. The point moves
alongthepolygonalsurfaceuntil it eithermeetsanedgeor avertex. (b) and(c) shav thetwo

caseghatarisewhenP moves: it eitherintersectanedgeor it intersectsa vertex. In either
case,we determinethe appropriateriangleto move into usinga meshadjaceng structure
(e.g.awinged-edgeepresentation).
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nalsurfaces.For example, Turk [Turk 1992]describes schemavherepointsfirst leave the
surfaceandarethenre-projectedackonto the surface. However, notethatre-projection
operationganexhibit non-rolustbehaiour in high cunvatureregionsof the surface. Our
schemeavoids this non-rolustnesssinceour face-pointsever actuallyleave the surface,
ratherthey simply slidealongit.
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